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Abstract
Quantum criticality has received extensive attention due to its ability to significantly enhance
quantum sensing. But its realization and control in many-body quantum systems remain challen-
ging. We present an effective scheme to simulate the Lipkin–Meshkov–Glick (LMG) model using a
coherent Ising machine (CIM) composed of a network of degenerate optical parametric oscillators
(DOPO). In our work, the spin variables of the LMG model are mapped onto the phases of DOPO
pulses, and the spin–spin interactions are realized by all-to-all couplings among them. Through
our investigation of the critical behavior in the antiferromagnetically coupled LMG model in the
thermodynamic limit, i.e. N→∞, and its application in quantum sensing near the critical point,
we verify that the CIM does not only effectively capture the second-order quantum phase trans-
ition (QPT) at the critical point but also reconstructs its complete phase diagram under ferromag-
netic coupling. Furthermore, we demonstrate how the critical dynamics of this simulation plat-
form can be utilized for quantum-enhanced metrology, achieving a measurement precision that
diverges near the critical point of the LMG model. These results highlight the capability of the CIM
as a flexible experimental platform for investigating the QPT in the fundamental quantum mag-
netic models, providing valuable insights into quantum simulation and critical phenomena.

1. Introduction

Quantum phase transition (QPT) [1–4] is the phase transition at the zero temperature characterized by
non-analytic changes in the properties of the ground state as a control parameter is tuned and exists
in various fields, including quantum optics [5–7], condensed-matter physics [8–10], and quantum-
information science [11–15]. In particular, the non-analyticities in the ground-state energy [16, 17]
and the enhanced susceptibility near the critical point make the QPT a powerful resource for quantum-
enhanced sensing [18–27]. Significant experimental milestones in criticality-enhanced sensing have been
achieved using nuclear magnetic resonance [28] and Rydberg atoms [29]. The achieved measurement
precision surpasses the standard quantum limit M−1/2 [30], where M is the number of measurements.
Recent theoretical investigations have extended criticality-enhanced sensing to various platforms, propos-
ing protocols based on the quantum Rabi model [31–35], the parametrically-driven Jaynes–Cummings
model [36], the parametrically-driven Tavis–Cummings model [37, 38], and the cavity-Ising chain coup-
ling model [39], all aiming to demonstrate the potential of phase-transition points across different phys-
ical platforms for quantum metrology. Additionally, a driven-dissipative quantum sensor is proposed
and analyzed [40–42]. By simultaneously harnessing dissipative criticality and an efficient continuous-
readout mechanism, the sensor achieves high-precision detection of oscillating electric-field gradients,
with its accuracy surpassing the standard quantum limit. The scheme has also been demonstrated to be
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robust against practical experimental imperfections. The Lipkin–Meshkov–Glick (LMG) model stands as
a typical example for studying the QPT. It features infinite-range spin–spin interactions, and is exactly
solvable, and exhibits a second-order QPT from a symmetry-broken ferromagnetic phase to a polarized
paramagnetic phase [43–53]. Originally proposed in nuclear physics to describe shape phase transitions
in atomic nuclei [54], the LMG model has also been extensively studied in the quantum information
processing [55–61]. Importantly, its critical region features spin squeezing and multipartite entanglement
that scale favorably with system’s size, offering a theoretical pathway toward achieving the Heisenberg
limit M−1 [62]. However, the experimental realization of the LMG model’s criticality remains highly
challenging. A recent experiment has reported macroscopic self-trapping and a dynamical phase trans-
ition in a momentum-space Bose–Einstein condensates double-well platform [63]. The realization of
macroscopic all-to-all coupled spin ensembles requires precise control of collective quantum states,
which is hindered by decoherence and scalability in the traditional solid-state platforms, such as cavity
quantum electrodynamics [50, 64–67], Rydberg ensembles [29, 68] and trapped-ion systems [69]. This
challenge motivates the pursuit of quantum simulation [70, 71], which employs controllable quantum
systems to simulate complex ones.

Over the past two decades, significant progress has been made in the quantum simulation using
experimental platforms such as ultracold atoms [72], trapped ions [73], and solid-state spins [74–76].
However, these platforms still face challenges in scalability, connectivity, and controllability. For instance,
ultracold atoms offer large system’s size but are typically limited to short-range interactions [77, 78].
Trapped ions and superconducting qubits can achieve long-range couplings but are generally confined to
smaller scales [79–83].

In this context, the coherent Ising machine (CIM) provides a uniquely-scalable and controllable plat-
form [84]. Based on networks of degenerate optical parametric oscillators (DOPO), the CIM encodes
spin variables in the phase states of individual DOPO and implement all-to-all couplings via optical
injection [85–88]. Such systems have realized fully-connected networks with up to 100 000 nodes [87],
far exceeding the connectivity achievable in the solid-state systems. Moreover, the intrinsic dissipative
nonlinear dynamics of the DOPO naturally support both equilibrium QPTs and the non-equilibrium
critical phenomena, while the homodyne detection enables quantum-nondemolition readout of the order
parameters [89–97].

Although prior research on the CIM has primarily focused on solving combinatorial optimiza-
tion problems [98–108], their potential for simulating equilibrium QPT and exploiting criticality for
quantum sensing remains largely unexplored. In this work, we develop a CIM-based quantum simulation
framework that does not only reproduce the QPT of the LMG model but also can utilize its criticality
for quantum-enhanced sensing. Recently, Cai et al proposed a criticality-enhanced quantum-sensing pro-
tocol [32], which predicts that the quantum Fisher information (QFI) will diverge near the critical point.
Based on this protocol, our numerical results demonstrate that the QFI for both the LMG model and
the CIM indeed exhibits divergent behavior at the critical point. Meanwhile, the measurement precision
for the simulated quadrature component, i.e. the inverted variance, is also significantly enhanced near
the critical point, further confirming the effectiveness of the critical effect in improving sensing sensitiv-
ity. This approach bridges quantum optics and many-body physics, demonstrating the CIM as a scalable
simulator for the QPT and providing a blueprint for probing singular quantum phases in programmable
photonic lattices.

This paper is structured as follows. In section 2, we introduce the LMG model as well as the relevant
content of the QPT and outline the concept based on the metrics of quantum criticality. In section 3,
we employ the CIM to simulate the QPT and criticality for quantum-enhanced sensing of the LMG
model. In section 4, we mainly analyze and discuss the results of the CIM simulating the LMG model
and reproducing its QPT and critical-enhancement quantum sensing capabilities. Section 5 concludes
this paper.

2. LMGmodel and quantum criticality

In this section, we begin with a theoretical analysis of the QPT in the LMG model in section 2.1. We
derive key analytical results that characterize the critical behavior of the model. Building on this founda-
tion, section 2.2 extends the theoretical framework to quantum metrology, examining how the sensitivity
of parameter estimation can be enhanced near the critical point of the QPT. Together, these theoretical
explorations set the stage for the subsequent numerical simulation of the LMG model using the CIM,
with a focus on probing quantum critical phenomena and critically-enhanced quantum metrology.
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2.1. QPT in the LMGmodel
We begin with the LMG model, an important paradigm in quantum optics. The LMG model describes
a set of N spin-1/2 particles interacting via an anisotropic XY-type Hamiltonian and coupled to an
external transverse magnetic field h, exhibiting a second-order QPT. Hereinafter, we set h̄= 1. The
Hamiltonian associated with the LMG model can be expressed as [51–54]

H=
λ

N

∑
1⩽i<j⩽N

(
σx
i σ

x
j −σ

y
i σ

y
j

)
+ h

N∑
j=1

σz
j , (1)

where σ(α)
j (α= x,y,z) are Pauli operators of the jth qubit and λ is the coupling strength. The prefactor

1/N is necessary to obtain a finite free energy per spin in the thermodynamic limit N→∞. Here we
focus on the antiferromagnetic case, i.e. λ> 0, and without loss of generality, we set λ= 1.

The collective nature of the model allows us to write the Hamiltonian in terms of the total spin
operators, i.e. Sα =

∑N
j=1σ

α
j /2, such that

Hanti =
2λ

N

(
S2x − S2y

)
+ 2hSz, (2)

where a constant energy shift has been neglected. The phase diagram consists of two distinct regions and
exhibits a second-order QPT when h= λ [44, 51, 57]. The phase at h> λ is called the normal phase,
while the symmetry breaking phase at h< λ is called the deformed phase. In the limit of weak interac-
tion, the LMG model can be solved exactly by mapping it to N bosons in a double well, while in the
thermodynamic limit N→∞, it can be solved through the Holstein–Primakoff transformation [43–
45, 109]. The latter approach is also a good approximation for N≫ 1 and low excitation [110]. In the
Holstein–Primakoff transformation [109], we define

S+ = Sx + iSy =
√
N

√
1− a†a

N
a†, (3a)

S− = Sx − iSy =
√
N

√
1− a†a

N
a, (3b)

Sz = a†a− N

2
, (3c)

with a and a† the annihilation and creation operator of bosonic mode respectively, satisfying [a,a†] = 1.
Under the condition that N≫ 1 and low excitation, i.e. a†a≪ N, we have [109]

S+ ≈
√
Na†, (4a)

S− ≈
√
Na, (4b)

Sz = a†a− N

2
. (4c)

Substituting above formulas into equation (2) yields

H̃anti ≈ 2ha†a+λ
(
a†2+ a2

)
− hN. (5)

By Bogoliubov transformation [1]

b= acosh r+ a† sinh r, (6)

with tanh(2r) =−λ/h, and this relation holds only when h> λ. We can diagonalize the Hamiltonian as

H̃anti = Eantik b†b+ Eantig , (7)

where the eigen energies and the ground-state energy are respectively

Eantik = 2
√

h2−λ2, (8)

Eantig =
√

h2−λ2− h(N+ 1) . (9)

In the ferromagnetic phase, i.e. h< λ, the spontaneous magnetization of the ground state is aligned
in the xy-plane, e.g. along the x-axis. By defining

S̃x = Sx, (10a)
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S̃y = Sy cosθ+ Sz sinθ, (10b)

S̃z =−Sy sinθ+ Sz cosθ, (10c)

with cosθ = h/λ, the Hamiltonian (2) is rewritten as

Hfer =
2λ

N
S̃2x −

2λ

N

(
h

λ
S̃y −

√
1− h2

λ2
S̃z

)2

+ 2h

√
1− h2

λ2
S̃y +

2h2

λ
S̃z. (11)

Furthermore, applying the Holstein–Primakoff transformation,

S̃z = a†a− N

2
, (12a)

S̃+ = S̃x + iS̃y ≃
√
Na†, (12b)

S̃− = S̃x − iS̃y ≃
√
Na, (12c)

in the thermodynamic limit and low excitation, i.e. N→∞ and a†a≪ N, we have

Hfer =

(
3λ− h2

λ

)
a†a+

(
λ

2
+

h2

2λ

)(
a†2+ a2

)
− λN

2
− h2N

2λ
. (13)

Using Bogoliubov transformation with tanh(2r) = (λ2 + h2)/(3λ2− h2), we can diagonalize the
Hamiltonian as

Hfer = Eferk b†b+ Eferg , (14)

with the eigen energies and the ground-state energy being respectively

Eferk = 2
√
2
√
λ2− h2, (15)

Eferg =
Eferk − 3λ

2
+

h2

2λ
−
(
λ

2
+

h2

2λ

)
N. (16)

To summarize, the ground-state energy is

Eg =

{√
h2−λ2− h(N+ 1) , h⩾ λ,

√
2
√
λ2 − h2− 3λ2−h2

2 −
(

λ
2 +

h2

2λ

)
N, h< λ.

(17)

Thus, the rescaled ground-state energy is

eg ≡
Eg
N

=

{
−h, h⩾ λ,

−λ
2 −

h2

2λ , h< λ,
(18)

which clearly shows the non-analyticity at the quantum critical point, i.e. h= λ.

2.2. Quantummetrology
To study critically-enhanced quantum sensing in the LMG model, we neglect the constant term in
Hamiltonian (5) to obtain the required Hamiltonian

H̃anti ≈ 2ha†a+λ
(
a†2+ a2

)
. (19)

For simplicity, we define ω = 2h and g= λ/h, so that equation (19) becomes H̃anti = ω[a†a+ g/2(a†2+
a2)]. We define the quadrature operators as

X=
a+ a†√

2
, P=

a− a†√
2i

, (20)

which satisfy the commutation relation [X,P] = i. The Hamiltonian can be written as

H̃anti =
ω (1− g)

2

[
P2 +

(
1+

2g

1− g

)
X2

]
. (21)

4
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To analyze the QFI for parameter estimation near the critical point, we follow the approach in [111]. We
set Hη =H0+ ηH1, where this Hamiltonian satisfies

[Hη, ζ] =
√
Λζ, (22)

with ζ = i
√
ΛC−D, C=−i[H0,H1], and D= [iC,H̃anti]. Let H0 = ω(1− g)P2/2 and H1 = ω(1− g)X2/2,

so that η = 1+ 2g/(1− g). The QFI for the estimation of the parameter η around the critical point can
be expressed as [32]

Iη ≃
4
[
sin
(√

Λt
)
−
√
Λt
]2

Λ3
Var [D]|φ⟩ , (23)

where Λ = 4ω2(1− g2) and |φ⟩ is the initial state of the bosonic field. Applying this analysis to our
parametrically-driven bosonic system, the QFI for the parameter g is

Ig (t)≃ 16(1+ g)2
[
sin
(√

Λgωt
)
−
√
Λgωt

]2
Λ3

g

Var
[
X2
]
|φ⟩ , (24)

where Λg = 4(1− g2)≪ 1 near the critical point, and Var(X2)|φ⟩ = ⟨φ|X4|φ⟩− ⟨φ|X2|φ⟩2. We stress that
such a scaling of Ig(t)∝ Λ−3

g holds as long as Var[X2]|φ⟩ is non-vanishing, which is valid for general ini-
tial states. We assume the bosonic field is initialized in a coherent state, i.e. |φ⟩= |α⟩, where α is the
coherent amplitude. The dynamics of the quadrature P is given by

⟨P⟩t =−
√
2ηα sin

(√
Λgωt/2

)
, (25)

yielding the susceptibility with respect to the parameter g as

χg (τn) = ∂g⟨P(t)⟩|t=τn = (−1)n−1

√
2α

1− g
ωτng, (26)

where τn = 2nπ/(
√
Λgω) with n ∈ Z. A similar analysis shows that the linear dynamic range at a fixed

working point narrows as g approaches the critical point. This is a general feature of sensing schemes
that utilize criticality and its associated divergent behavior. Indeed, the key advantage of criticality-
based quantum sensing is its ability to detect minuscule changes in physical parameters. This approach is
expected to have powerful applications in weak-signal detection and precision metrology. By first obtain-
ing a relatively-accurate pre-estimation of the parameter, one can then use a bias field to tune the system
close to the critical point, enhancing the sensitivity to minute variations. To determine the measurement
precision, we also calculate the variance of the quadrature P. The variance is given by

(∆P)2 = ⟨P2⟩t −⟨P⟩2t

=
1

2

[
cos2

(√
Λgωt

2

)
+ η sin2

(√
Λgωt

2

)]
. (27)

We note that the oscillation term in the second part of (∆P)2 is out of phase with the term cos(
√
Λg

ωt/2) in χg(t). This allows us to achieve an enhanced susceptibility while retaining a small fluctuation of
the quadrature. Therefore, the measurement precision of the parameter g can be significantly improved.
To quantify the estimation precision, we define the inverted variance as Fg(t) = χ2

g(t)/(∆P)2. When
Fg(t)≈ Ig(t), the precision reaches the quantum Cramér–Rao bound. The local maxima of the inverted
variance occur at evolution times τ n and are given by

Fg (τn) =
4n2π2α2g2

(1+ g)(1− g)3
. (28)

Note that the inverted variance diverges in the long-time limit. The QFI at the same time is

Ig (τn) = 16(1+ g)2ω2Λ−2
g τ 2nVar

[
X2
]
|φ⟩ . (29)

Notice that the local maxima Fg(τn) is of the same order as the QFI Ig(τn).
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Figure 1. Schematic of a fiber-based large-scale DOPO network. (a) A CIM based on the time-division multiplexed DOPO with
mutual coupling implemented by optical delay lines. (b) Simplified illustration of vacuum-squeezing phenomenon in a DOPO
below threshold and the performance of binary phases above threshold in in-phase and quadrature-phase coordinates.

3. Quantum simulation by CIM

In this section, we mainly describe how the CIM realizes the QPT of the LMG model and its critically-
enhanced quantum sensing capability. We demonstrate that the CIM serves not only as a static simulator
but also as a powerful platform for executing complex dynamical sensing protocols.

3.1. QPT in the CIM
In our work, we employ a time-division multiplexing CIM to simulate the long-range interaction of the
LMG model. The system is shown in figure 1(a). Multiple DOPO pulses are generated within a single-
fiber ring cavity. The signal modes of different DOPOs are mutually injected via optical delay lines,
achieving all-to-all coupling among the DOPO pulses. This architecture has been successfully verified
in experiments [112]. Figure 1(b) illustrates the operation of a DOPO below and above its oscillation
threshold in in-phase and quadrature-phase coordinates. Below the oscillation threshold, each DOPO
pulse is in a squeezed vacuum state. Above the oscillation threshold, the system evolves into a coherent
state, exhibiting either a 0-phase |α⟩ or π-phase state |−α⟩. We map the 0-phase and π-phase states of
each DOPO to the spin-up and spin-down states, i.e. |↑⟩ and spin-down |↓⟩, respectively. This mapping
encodes the spin variables of the LMG model, enabling the DOPOs network to collectively evolve to find
the state with the minimum effective Hamiltonian, thereby achieving the simulation of spin–spin interac-
tions. The CIM can be described by the total Hamiltonian [112, 113]

Htot =Hf +HI+HP+HC. (30)

Here,

Hf =
N∑

j=1

ωsa
†
sjasj +ωpa

†
pjapj +ωc

∑
k ̸=j

a†cjkacjk

 (31)

is the Hamiltonian for the jth signal field with frequency ωs and annihilation operator asj, and the jth
pump field with frequency ωp and annihilation operator apj, and the coupling field with frequency ωc

and annihilation operator acjk, which simultaneously couples the jth and kth signal fields.

HI =
iκ

2

N∑
j=1

(
a†2sj apj − a†pja

2
sj

)
(32)

is the interaction Hamiltonian between the jth signal and the jth pump field with interaction
strength κ.

HP = iε
N∑

j=1

(
a†pj − apj

)
(33)

6
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is the external pumping Hamiltonian with real pump amplitude ϵ.

HC = iζjk

N∑
j=1

∑
k̸=j

(
acjka

†
sj − a†cjkasj +aska

†
cjke

−i⃗k·⃗z − a†skacjke
i⃗k·⃗z
)

(34)

is the coupling Hamiltonian between the signal and coupling fields with coupling strength ζ . And

HSR =
N∑

j=1

(
asjΓ

†
sj +Γsja

†
sj + apjΓ

†
pj +Γpja

†
pj

)
+

N∑
j=1

∑
k ̸=j

(
acjkΓ

†
c + a†cjkΓc

)
(35)

is the system-reservoir interaction Hamiltonian which describes any dissipation processes for the sig-
nal, pump and coupling fields. In the coupling Hamiltonian HC, The phase factors exp(±i⃗k · z⃗) repres-
ent the in-phase or out-of-phase coupling from the jth DOPO to the kth DOPO pulse. Different coup-
lings can be obtained based on the value of exp(ikcz) and exp(−ikcz). The two dominant terms in the
Hamiltonian Htot are the parametric coupling term HI and the mutual coupling term HC between dif-
ferent pulses. The former generates squeezing in each DOPO pulse, while the latter introduces tunable
interactions between pulses, effectively mapping the LMG Hamiltonian onto the network dynamics. The
corresponding Heisenberg–Langevin equations for a single DOPO are

dap
dt

=−γpap + ε− κ

2
a2s +

√
γpξ1, (36)

das
dt

=−γsas +κa†s âp +
√
γsξ2, (37)

where ξi (i = 1,2) is a quantum-noise operator satisfying ⟨ξ†i (t)ξ
†
i (t

′)⟩= 0 and ⟨ξi(t)ξ†i (t ′)⟩= 2δijδ(t−
t ′). The parameters γp and γs represent the relaxation rates for the pump and signal light, respectively.
The oscillation threshold is ϵth = γpγs/κ. If γp ≫ γs, we can adiabatically eliminate the pump mode by
setting dap/dt= 0, yielding

ap =
ε

γp
− κ

2γp
a2s +

√
1

γp
ξ1. (38)

We note that equation (38) contains a Langevin noise contribution from the pump mode. In the deriv-
ation of the effective Hamiltonian, we ignore this noise term to obtain a compact analytic mapping. The
validity of this adiabatic elimination and the role of the pump noise are analyzed in appendix, where we
keep the noise term explicitly and analyze the simplified description against the full stochastic dynamics
as seen in figure 7. Here, by ignoring the noise term in the above formula and then substituting it into
equation (32), we can obtain

HI = i
κε

2γp

N∑
j=1

(
a†2sj − a2sj

)
= i

N∑
j=1

S

2

(
a†2j − a2j

)
, (39)

where S= κϵ/γp is a squeezing parameter, and we have removed the index s of the signal mode in the
subscript for convenience. Similarly, adiabatically eliminating the coupling field acjk by setting dacjk/dt=
0 and selecting a phase kcz= π/2 results in

acjk =−
ζjk
γc

(
asj + iask

)
. (40)

Similarly, the elimination of the coupling fields acjk is validated by a separation of time scales, i.e. γc ≫
γs, as discussed in appendix. Substituting it into equation (34) yields an effective fully-connected dual-
mode squeezing interaction

Heff
C =− J

N

N∑
1⩽j<k⩽N

(
asjask + a†ska

†
sj

)
, (41)

where J/N= Jjk = ζ2jk/γc is chosen to ensure uniform coupling strength across all pairs. Thus, we can
obtain the effective total Hamiltonian

Heff =∆
N∑

j=1

a†j aj + i
N∑

j=1

S

2

(
a†2j − a2j

)
− J

N

N∑
1⩽j<k⩽N

(
ajak + a†ka

†
j

)
, (42)
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Table 1. Parameter correspondence.

CIM LMG

Ω=
√

∆2 − S2 =

√
∆2 −

(
κϵ

γp

)2

h=
Ω

2

J
N

=
ζ2jk
γc

λ=− J
2

where ∆= ωs −ωp/2 is detuning. To simulate the LMG model, it requires not only the construction of
its specific spin–spin interactions but also the generation of a transverse field, which in this scheme can
be effectively achieved using free-energy terms and local squeezing terms. To this end, we apply a unitary
transformation

U=
N∏

j=1

exp

(
1

2
ξ∗a2j −

1

2
ξ a†2j

)
, (43)

with ξ = rexp(iθ) to the system. We choose the phase θ = π/2 to set ξ = ir. Thus, we have

U= exp

−i
r

2

N∑
j=1

(
a2j + a†2j

) . (44)

This transformation yields

aj = bj cosh r− ib†j sinh r. (45)

Substituting it into equation (42) and choosing the parameter r to ensure that the coefficients of the a2

and a†2 vanish, we obtain

H ′
eff =Ω

∑
j

b†j bj −
J

N

∑
j<k

(
bjbk + b†kb

†
j

)
, (46)

where Ω=
√
∆2− S2 is the renormalized oscillation frequency. Under the low-excitation approximation,

we now introduce the pseudospin operators via the mapping [114]

bj → σ−
j =

1

2

(
σx
j − iσy

j

)
, (47a)

b†j → σ+
j =

1

2

(
σx
j + iσy

j

)
, (47b)

b†j b̂j →
1

2

(
1+σz

j

)
. (47c)

Substituting these into equation (46) and neglecting constant terms, we can obtain the final form of
the generalized LMG model Hamiltonian

Hfin =− J

2N

N∑
1⩽j<k⩽N

(
σx
j σ

x
k −σ

y
j σ

y
k

)
+

Ω

2

N∑
j=1

σz
j , (48)

where the parameters of the simulated LMG model are related to the CIM parameters by λ=−J/2 and
h=Ω/2. Thus, the CIM can serve as a quantum simulator of the LMG model, where one can simu-
late a wide range of coupling regimes by suitably tuning the laser intensities and detunings to match the
desired ratio. This is also a unique advantage of the CIM platform over other quantum simulators when
studying such long-range interaction models. The corresponding parameter relationships are shown in
table 1.

Introducing the collective spin operators Sα =
∑N

j=1σ
α
j /2 (α= x,y,z), we can obtain

Hfin =− J

N

(
S2x − S2y

)
+ΩSz. (49)

Here, J< 0 corresponds to the anti-ferromagnetic coupling and J> 0 to the ferromagnetic coupling. This
demonstrates that the CIM can simulate the LMG model for both ferromagnetic and anti-ferromagnetic
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coupling. Using the Holstein–Primakoff and Bogoliubov transformation as in section 2, the Hamiltonian
is diagonalized as

HCIM =

{
Ek1b†b+ Eg1, |Ω|⩾ J,

Ek2b†b+ Eg2, |Ω|< J,
(50)

with the eigen energies and ground-state energies being respectively

Ek1 =
√
Ω2− J2, (51a)

Eg1 =
1

2

√
Ω2− J2 − 1

2
Ω(N+ 1) , (51b)

Ek2 =
√
2
√

J2−Ω2, (51c)

Eg2 =

√
2

2

√
J2−Ω2− 3J

4
+

Ω2

4J
− JN

4
− Ω2N

4J
. (51d)

Thus, the rescaled ground-state energy is

eg ≡
Eg
N

=

{
−Ω

2 , |Ω|⩾ J,

− J
4 −

Ω2

4J , |Ω|< J.
(52)

This clearly shows the non-analyticity at the quantum critical point |Ω|= J, or equivalently h=±λ,
confirming that the CIM can faithfully reproduce the second-order QPT of the LMG model. The pro-
posed simulation scheme is well within the reach of the current CIM architectures. For instance, the
time-multiplexed CIM with all-to-all couplings have already been demonstrated with up to 100 000
nodes [87], far exceeding the system sizes required for observing the thermodynamic-limit behavior of
the LMG model. The tunable coupling strengths J jk can be implemented via adjusting optical injection
phases and amplitudes, allowing precise control over the simulated Hamiltonian parameters.

3.2. Quantummetrology of CIM
In our scheme, the signal DOPO mode encodes the spin configurations, consistent with standard CIM
operation. To study the ability of CIM to simulate the criticality-enhanced quantum sensing of the LMG
model, following equations (3a)–(4c), we can obtain the relevant Hamiltonian

H=Ω

[
a†a− g̃

2

(
a2+ a†2

)]
, (53)

where g̃= J/Ω=−g. Using equation (20), we can obtain

H=
Ω(1+ g̃)

2

[
P2+

(
1− 2g̃

1+ g̃

)
X2

]
. (54)

Let H0 =Ω(1+ g̃)P2/2 and H1 =Ω(1+ g̃)X2/2. The QFI for estimating the parameter g̃ near the critical
point can be expressed as

Ig̃ (t)≃ 16(1− g̃)2
[
sin
(√

Λg̃Ωt
)
−
√
Λg̃Ωt

]2
Λ3

g̃

Var
[
X2
]
|φ⟩ , (55)

where Λg̃ = 4(1− g̃2), and |φ⟩= |α⟩ is the same as the LMG model. In order to encode spin variables
in DOPO pulses, the CIM should operate above the threshold. Thus, it is reasonable to set |φ⟩ as the
coherent state |α⟩. After evolving under the Hamiltonian (53) for an internal t, we perform measure-
ments for the quadrature P. Its mean and variance are respectively

⟨P⟩t=−
√
2η ′α sin

(√
Λg̃Ωt/2

)
, (56)

(∆P)2=
1

2

[
cos2

(√
Λg̃Ωt/2

)
+η ′ sin2

(√
Λg̃Ωt/2

)]
, (57)

where η ′ = 1− 2g̃/(1+ g̃). With the quadrature P serving as the sensing indicator, the susceptibility,
i.e. χg̃(t) = ∂g̃⟨P(t)⟩, becomes divergent in the vicinity of the critical point. To quantify the estimation
precision, we define the inverted variance Fg̃(t) = χ2

g̃(t)/(∆P)2, whose upper bound is imposed by the
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quantum Cramér–Rao bound, i.e. Fg̃(t)⩽ Ig̃(t). The inverted variance Fg̃(t) is a periodic function of the
evolution times τn = 2nπ/(

√
Λg̃Ω)(n ∈ Z) with the local maxima

Fg̃ (τn) =
4n2π2α2g̃2

(1− g̃)(1+ g̃)3
. (58)

The QFI at the time τ n is

Ig̃ (τn) = 16(1+ g̃)2Ω2Λ−2
g̃ τ 2nVar

[
X2
]
|φ⟩ . (59)

The divergent behavior of both Fg̃ and Ig̃ as g̃→ 1 demonstrates that the criticality-enhanced measure-
ment precision is achievable in the CIM platform when simulating the LMG model near its quantum
critical point.

4. Results and discussion

In sections 2 and 3, we have established the theoretical framework for the QPT and critically-enhanced
quantum sensing in the LMG model, and further proposed a scheme to realize the LMG Hamiltonian
in a CIM. In this section, we present numerical and analytical results to demonstrate the QPT and
quantum sensing performance of the LMG model, and validate the capability of the CIM to emulate
both the QPT and the quantum sensing behavior of the LMG model.

4.1. Result analysis of QPT
Our exact solutions show that the QPT of the LMG model occurs at the critical point hc = 1. The res-
caled ground-state energy, i.e. eg ≡ Eg/N, is −λ/2− h2/(2λ) for h< hc and −h for h⩾ hc. For the CIM,
the QPT occurs at Ωc =±J, and its rescaled ground-state energy is eg =−J/4−Ω2/(4J) for |Ω|< J
and eg =−Ω/2 for |Ω|⩾ J. Figure 2(a) shows the exact solutions of the LMG model as a function of
the magnetic-field strength h/hc for the rescaled ground-state energy eg, its first derivative deg/dh, and
second derivative d2eg/dh2. One can see that eg and deg/dh are continuous, while d2eg/dh2 exhibits
an abrupt jump at h= hc. This non-analytic behavior reveals the second-order nature of the QPT. In
contrast, figure 2(b) shows the corresponding exact solutions for the CIM as a function of Ω/J for the
rescaled ground-state energy eg, deg/dΩ and d2eg/dΩ2. The behavior of the CIM at the critical point
Ω/J= 1 is highly consistent with that of the LMG model for Ω/J> 0, indicating that the mapping of
the LMG spins to DOPO phases and the encoding of long-range interactions by optical mutual injec-
tion allow the CIM to effectively reproduce the critical phenomena of the LMG model. Furthermore,
the QPT exhibited by the CIM at Ω/J=−1 accurately corresponds to the critical behavior of the LMG
model at h/λ=−1. This result reflects the intrinsic Z2 symmetry of the LMG Hamiltonian, i.e. its
invariance under a simultaneous π rotation of all spins around the z-axis. This symmetry implies two
equivalent critical points at h=±λ, marking the transition from the paramagnetic phase to two possible
symmetry-broken phases.

The successful simulation by the CIM theoretically validates this symmetry, i.e. as Ω/J→−1, the
derivatives of the ground-state energy exhibit singular behavior identical to that for Ω/J→ 1, strongly
supporting the physical equivalence of these two critical points. Therefore, the CIM does not only repro-
duce the critical behavior at a single point, but can also draw the entire phase diagram of the LMG
model by changing its parameter range, revealing its potential symmetrical structure. Furthermore, the
dissipation enters the signal modes at the Langevin level and modifies the effective control paramet-
ers through renormalization. In our mapping, the renormalized oscillation frequency is Ω=

√
∆2 − S2

with S= κϵ/γp. Thus, the dissipation-dependent operating conditions, e.g. above-threshold pumping
with ϵ∝ γs, shift the apparent critical detuning. Increasing γs and hence S primarily shifts the apparent
critical point in detuning, i.e. ∆c =

√
J2 + S2, and thus changes the magnitude of the derivatives with

respect to ∆. In practice, any ideal divergences predicted in the thermodynamic and long-time limits are
regularized by finite interrogation time and finite system size N.

4.2. Result analysis of quantummetrology
In the section 4.1, we analyzed the QPT behavior of the LMG model and CIM at the critical point. Now,
we are very interested in studying their quantum metrology at the critical point. We begin by calculat-
ing the dynamics of the quadrature observable ⟨P⟩τ in the LMG model as a function of the parameter
g. One can see from the figure 3(a) that ⟨P⟩τ becomes very sensitive to the change of g near the critical
point gc = 1. The result shows that as the working point go approaches the critical point, the slope of
⟨P⟩τ at go diverges significantly, while the linear dynamic range around go narrows. This indicates that
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Figure 2. Comparison of exact solutions for the LMG model and CIM. (a) Exact solutions of the LMG model as a function of
the magnetic-field strength h/hc for the rescaled ground-state energy eg (blue solid line), deg/dh (red dashed line) and d2eg/dh2

(green dashed–dotted line). (b) Exact solutions of the CIM as a function of the renormalized oscillation frequencyΩ/J for the
rescaled ground-state energy eg (blue solid line), deg/dΩ (red dahed line) and d2eg/dΩ2 (green dashed–dotted line).

the system achieves higher sensitivity to a small change in g around the criticality, albeit within a nar-
rower parameter range.

The inset of figure 3(a) plots the susceptibility χ(go) as a function of the working point go. The sus-
ceptibility χ(go) exhibits divergent behaviors as go → 1, i.e. Λg → 0, demonstrating the critical enhance-
ment of the response. The balance between the enhanced sensitivity and the narrowed dynamic range
is a common characteristic of the criticality-enhanced sensing schemes. This requires relatively-accurate
estimation of parameters, so that the system is biased near the critical point. After that, its enhanced
sensitivity can be used for the weak-signal detection or the precise measurement. The quantum limit
of this precision is decided by the QFI. The first subimage of the figure 3(b) plots the QFI Ig(t) of the
LMG model as the function of the evolution time t for different values of the parameter g near the crit-
ical point with the coherent amplitude α= 1. The result indicates that the QFI Ig(t) exhibits oscillatory
behavior. Crucially, its amplitude significantly increases as g→ 1, which is a direct result of the closure
of the energy gap, i.e. Λg → 0, slowing down the system’s evolution and amplifying the quantum state’s
response to parameter changes. This trend reveals that the system is very sensitive to small changes in
parameter g near the critical point, and the periodic oscillations in dynamic evolution provide the pos-
sibility for optimizing the measurement-time window. Furthermore, as shown in second subimage of the
figure 3(b), the QFI is enlarged as the increase of the initial coherent amplitude α, indicating that the
QFI can be amplified by using a coherent state with a larger amplitude α as the probe, and confirming
that the initial coherent amplitude is a valuable resource for quantum sensing.

The achievable precision in a specific measurement protocol is given by the inverted variance Fg(t)
of the quadrature P. Figure 3(c) shows Fg(t) of the LMG model as a function of the time t for dif-
ferent values of the parameter g. One can see that the Fg(t) gradually rises with the increase of evol-
ution time t, and reaches periodic maxima at the optimal measurement time τ n. We can also see that
Fg(t) exhibits multiple peaks as the evolution time t increases, and the longer the evolution time t is,
the larger the peaks appear. The dashed line in figure 3(c) represents the fitting results of these peaks
over time for g= 0.96, yielding Fg(t)∝ t2, which indicates that the criticality-enhanced protocol has
reached the Heisenberg limit. Similar scaling behavior is observed for other values of g near the critical
point. Although implementing this protocol requires selecting an evolution time near one of these peaks,
figure 3(c) shows that the peaks possess a finite width, thereby offering a degree of robustness against
small timing errors.

Figure 3(d) plots the peak of the inverted variance Fg(τn) of the LMG model as a function of the
parameter g. It can be observed that as the parameter g approaches the critical point gc, the inverse vari-
ance Fg(τn) exhibits a sharp divergent behavior, demonstrating the critical enhancement of measurement
precision. The inset demonstrates that Fg(τn), reaches the same order of magnitude as the QFI Ig(τn),
proving that the simple homodyne measurement of the quadrature P is an effective pointer for evaluat-
ing the control parameter g.

After establishing the criticality-enhanced quantum metrology in the LMG model, we now resort
to these results in the CIM by using the parameter mapping derived in section 3.1. Specifically, start-
ing from the CIM dynamics, we perform adiabatic elimination and the pseudo-spin mapping to obtain
an effective Hamiltonian that is close to the LMG form, with the effective couplings expressed explicitly
in terms of the CIM parameters, e.g. the pump strength ϵ, the detuning ∆, the loss rates γp/c, and the
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Figure 3. The numerical evaluation results of the QPT and criticality-enhanced quantum sensing of the LMG model. (a)
Quadrature ⟨P̂⟩τ of the LMG model after an evolution time τn = π/[ω(1− g2o)

1/2] as a function of g with α= 1. The work-
ing point g= go is marked by filled circles. The inset shows the corresponding susceptibility at the working point go. (b) The
variation relationship of the QFI in the LMG model under different parameters g and coherent amplitude α. (c) The inverted
variance Fg(t) of the LMG model vs the evolution time t. Fg(t) shows equidistant peaks at

√
Λgωt/(2π). (d) The peak of the

inverted variance Fg(t) of the LMG model vs the parameter g for an evolution time τ n with α= 1. The inset shows that the local
maxima of Fg(τn) reaches the seam order of Ig(τn).

mutual-injection coupling J. Therefore, the CIM curves reported below are the CIM-parameterized pre-
dictions of the mapped effective Hamiltonian, i.e. the same analytical procedure as for the LMG model,
but evaluated at parameters determined by the CIM. Figure 4 shows the time evolution of the QFI Ig̃(t)
evaluated for the CIM-parameterized effective Hamiltonian, for several values of the equivalent coup-
ling g̃ and coherent amplitude α. As clearly shown in figures 4(a) and (c), the CIM fully reproduces
the temporal oscillation of the QFI and its criticality-enhanced behavior near the critical point, consist-
ent with the results for the LMG model presented in figure 3(b). This confirms that the CIM has suc-
cessfully reproduced the key metrological feature of the LMG model, i.e. the divergent QFI at the crit-
ical point. By adjusting the pump strength and detuning, the CIM can make its equivalent parameter g̃
cross the critical point generating the same critical enhancement effect as the LMG model. Furthermore,
figures 4(b) and (d) provide corresponding results for g< 0, i.e. the ferromagnetic coupling case,
demonstrating that the LMG model still exhibits criticality-enhanced capability in quantum sensing even
under ferromagnetic coupling. Although the enhancement in this case is significantly weaker compared
to the antiferromagnetic coupling case, i.e. g̃> 0, both share the same characteristic that the measure-
ment precision can be further improved by increasing the coherent-state amplitude α. Meanwhile, in the
CIM, the dimensionless metrological parameter is chosen as g̃= J/Ω consistent with the LMG mapping
g= λ/h=−J/Ω. Here J is the effective mutual-injection coupling, while Ω=

√
∆2− S2 is the renor-

malized oscillation frequency determined by the cavity detuning ∆ and the pump-dependent squeezing
parameter S= κϵ/γp. Therefore, estimating g̃ can be given a direct physical interpretation. For instance,
an external perturbation that shifts the optical detuning ∆, e.g. the refractive-index, leads to a meas-
urable change in Ω, and thus in g̃= J/Ω after calibrating J and S. Alternatively, perturbations of the
mutual-injection path can be mapped onto changes in J, again yielding a meaningful sensing task in the
underlying optical platform.

Figure 5 shows the time evolution of the inverse variance Fg̃(t) in the CIM for different parameter
values of g̃. Figure 5(a) shows that for the antiferromagnetic case, i.e. g̃< 0, Fg̃(t) exhibits the same
dynamic characteristics as the LMG model shown in figure 3(c), i.e. both show a series of peaks occur-
ring at times determined by

√
Λg̃Ωt/(2π), with amplitudes growing over time t. However, for the fer-

romagnetic case, i.e. g̃> 0 in figure 5(b), although Fg̃(t) also shows periodic peaks that increase over
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Figure 4. The QFI Ig̃(t) of the CIM as a function of the evolution time t for (a) g̃=−0.96,−0.94,−0.92 with α= 1, (b) g̃=
0.96,0.94,0.92 with α= 1, (c) α= 1,2,3 with g̃=−0.96, and (d) α= 1,2,3 with g̃= 0.96.

Figure 5. The inverted variance Fg̃(t) of the CIM as a function of the evolution time t for (a) g̃=−0.92,−0.94,−0.96 with
α= 1 and (b) g̃= 0.92,0.94,0.96 with α= 1.

Figure 6. The peak of the inverted variance Fg̃(t) of the CIM as a function of the parameter g̃ for an evolution time τ n with
α= 1. The inset shows that the local maxima of the inverted variance Fg̃(τn) reaches the same order of Ig̃(τn).

time, it requires a longer evolution time to achieve the same precision scaling Fg̃(t)∝ t2 as in the anti-
ferromagnetic case. The comparison indicates that the criticality-induced enhancement of the inver-
ted variance is substantially stronger under antiferromagnetic coupling g< 0 than under ferromag-
netic coupling g> 0 in the LMG model, highlighting the significant influence of the coupling type on
the metrological performance. The results obtained by numerically evaluating the CIM-derived effect-
ive LMG Hamiltonian show that under the antiferromagnetic coupling condition g̃< 0, the divergence
of the inverse variance is significantly stronger than that under the ferromagnetic coupling condition
g̃> 0. This further demonstrates that the type of coupling in the LMG model plays a crucial role in
the quantum-criticality-enhancement effect. Furthermore, the susceptibility and related figures of merit
exhibit peaks at the optimal interrogation times τ n in equation (58). In practice, the maximum n is lim-
ited by the available interrogation time T set by the cavity lifetime, the loss, and data-acquisition con-
straints, i.e. one must choose τn ⩽ T. If T is shorter than the characteristic timescale 1/(

√
Λgω), the sys-

tem cannot reach the peak response and the enhancement is correspondingly simplified.
Finally, figure 6 shows the peak of the inverted variance Fg̃(τn) as a function of g̃. Its behavior is

completely consistent with the LMG model shown in figure 3(d), exhibiting strong divergence as |g̃| → 1.
The inset confirms that Fg̃(τn) reaches the same order of magnitude as the QFI Ig̃(τn), demonstrating
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the optimality of the quadrature measurement on the CIM platform. The strong agreement between
the CIM and LMG model results demonstrates that the CIM effectively simulates both the QPT and the
criticality-enhanced sensing characteristics of the LMG model via the mapped effective Hamiltonian.

5. Conclusions

We have theoretically proposed and validated an effective scheme for simulating the LMG model based
on the CIM. The scheme’s core is the mapping of the spin variables onto the phase states of DOPOs and
the realization of all-to-all interactions through tunable optical mutual injection. Through detailed theor-
etical derivation, we have demonstrated that the effective Hamiltonian of the CIM becomes equivalent to
the LMG model after unitary transformation and pseudo-spin mapping, with the parameter correspond-
ence λ=−J/2 and h=Ω/2. Based on this, we have analyzed the ground-state energy and its derivatives,
clearly revealing a second-order QPT at Ωc =±J with non-analytic behavior consistent with the LMG
model.

Beyond simulating the phase transition, we have further explored the application of the LMG model
and the CIM platform to quantum metrology. We show that by monitoring the dynamics of the quad-
rature P, its susceptibility χg to the coupling parameter diverges near the critical point. The QFI and the
inverted variance Fg(t) both exhibit criticality-enhanced behavior, indicating the potential for achieving
measurement precision beyond the standard quantum limit.

Our work successfully extends the application of the CIM from combinatorial-optimization questions
to the fields of quantum many-body simulation and criticality-enhanced sensing. The programmability,
exceptional scalability, and all-to-all connectivity of the CIM make it a powerful and flexible platform for
these studies. Our work bridges the fields of quantum optics and condensed matter physics by provid-
ing a photonic platform to explore fundamental quantum magnetic models. Furthermore, the platform’s
compatibility with real-time measurement and control opens avenues for simulating non-equilibrium
quantum dynamics, such as quench and ramp protocols across critical points. Future work will focus on
the experimental realization of this scheme and the investigation of non-equilibrium critical dynamics
for sensing within the CIM framework.
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Appendix. The validity of the adiabatic elimination and the role of the quantum noise
terms

Our elimination procedure follows the standard Heisenberg–Langevin treatment widely used for the
DOPO-based CIMs [115]. We start from equation (30) to obtain the Heisenberg–Langevin equations
for the N DOPO pulses, i.e.

dapj
dt

=− γpapj + ε− κ

2
a2sj +

√
γpξ1, (A1)

dasj
dt

=− (i∆+ γs)asj +κa†sjapj + ζ
∑
k ̸=j

(
acjk − iackj

)
+
√
γsξ2 (A2)

dacjk
dt

=− γcacjk − ζasj − iζask +
√
γcξ3, (A3)

where the quantum-noise operators satisfy ⟨ξ†i (t)ξ
†
i (t

′)⟩= 0 and ⟨ξi(t)ξ†j (t ′)⟩= 2δijδ(t− t ′). Noting that
equation (36) in the main text is obtained under ideal conditions. Without ∆, it would have no effect
on the adiabatic elimination of the pump mode. The prefactor

√
γp/s/c in equations (A1)–(A3) is the

standard Markovian input-output quantum Langevin normalization, i.e. it guarantees that dissipation
at rate γ is accompanied by vacuum fluctuations whose δ-correlated strength preserves equal-time com-
mutation relations and yields the correct steady-state fluctuation level.

The formal solution for the pump operator in equation (A1) is

apj (t) = e−γptapj (0)+

ˆ t

0
dτ e−γp(t−τ)

[
ϵ− κ

2
a2sj (τ)

]
+
√
γp

ˆ t

0
dτ e−γp(t−τ)ξ1 (τ) . (A4)

The validity of the adiabatic elimination relies on the hierarchy of time scales, i.e. γp ≫ γs. Under
this condition, the pump mode relaxes much faster than the signal mode, i.e. 1/γp ≪ 1/γs, allowing us
to approximate as(τ)≈ as(t) within the integral kernel. The adiabatic solution is then obtained as

apj (t)≃
ϵ

γp
− κ

2γp
a2sj +

1
√
γp

ξ1 (t)+O
(
γ−2
p

)
. (A5)

This reproduces the expression after the adiabatic elimination, including the pump-noise contribution.
A similar time-scale separation argument applies to the adiabatic elimination of the coupling fields

acjks, i.e.

acjk =−
ζjk
γc

(
asj + iask

)
+

1
√
γc
ξ3 (t) , (A6)

ackj =−
ζkj
γc

(
asj + iask

)
+

1
√
γc
ξ3 (t) . (A7)

When the coupling modes relax on a much faster time scale than the signal modes, typically γc ≫ γs, it
follows the signal quasi-instantaneously and yields equation (41) as the leading-order slaving relation.
If γc is not the fastest rate, retardation effects and additional quantum-noise terms may become non-
negligible, in which case one should retain the coupling dynamics explicitly [115, 116].

Substituting equations (A5)–(A7) into equation (A2) gives the simplified stochastic differential
equation (SDE) for the signal mode, i.e.

dasj
dt

≃− (γs + i∆)asj +
κϵ

γp
a†sj −

κ2

2γp
a†sja

2
sj −

2

γc

∑
k ̸=j

ζ2jkasj

+
√
γs ξ2 (t)+

κ
√
γp

a†sj ξ1 (t)+
1

√
γc

∑
k̸=j

[
ζjk (ξ3 (t)− iξ3 (t))] . (A8)

The noise terms for the pump and coupling fields which have been discarded will now appear here as
multiplicative noise terms. The simplification of the noise term of the pump field is justified by consid-
ering its magnitude relative to the signal noise. From equation (A8), the signal noise enters as

√
γs ξ2(t),

while the pump-noise term enters as (κ/
√
γp)a

†
sj ξ1(t). The ratio R of the contribution of the pump

noise to that of the signal vacuum noise scales approximately as

R∼
κ⟨|as|⟩/

√
γp

√
γs

∝
√

γs
γp

√
⟨ns⟩sat, (A9)
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Figure 7. Signal photon-number dynamics ⟨ns(t)⟩ for different pump strengths, comparing the full model (blue solid line) and
simplified signal-mode models with (without) the pump noise and the coupling noises (orange dashed /green dotted line). (a)–
(d) correspond to ϵ/ϵth = 0.5, 1.0, 1.5, and 3.0, respectively. Our parameters are γs = 0.1,γp = 200γs,γc = 300γs, and κ=
1.4γs. In addition, we consider the system with a finite size, i.e. the number of the DOPO pulses is N= 3000.

where we assume the system is in the saturation regime. In our CIM implementation, since γp ≫ γs,
the contribution of the pump noise by 1/

√
γp is strongly suppressed and thus R≪ 1 in the parameter

regime of interest.
To directly quantify the impact of the adiabatic elimination of the pump noise, we compare the

photon-number dynamics of the signal ⟨ns(t)⟩ ≡ ⟨a†s as⟩ obtained from three stochastic descriptions.
In figure 7, the blue solid line is plotted from the full Heisenberg–Langevin equations with the both
noises retained, i.e. equations (36) and (37) in the main text. The orange dashed line is plotted from the
simplified signal-mode SDE, i.e. equation (A8), where the pump and coupling modes are adiabatically
eliminated but the pump noise and coupling noises are kept. The green dotted uses the simplified SDE
without the pump noise and the coupling noise. In this way, we can justify the adiabatic elimination.

Crucially, our CIM-to-LMG mapping is formulated in the large N regime, and targets the above-
threshold operating condition of CIM, where each DOPO pulse is typically operated above threshold
and evolves into a macroscopic phase-bistable coherent state. In this above-threshold saturation limit, the
photon number quickly achieves a large value and the dynamics is predominantly governed by determ-
inistic gain-saturation drift, while the quantum noises produce only relatively-small fluctuations around
the mean trajectory. Consistent with this physical picture, figure 7 shows that different cases, indicat-
ing that the residual contributions of the pump noise and the coupling noise neglected in the effective-
Hamiltonian approach is practically negligible under γp ≫ γs and γc ≫ γs for the parameter regime con-
sidered here. As the system is operated further above threshold, the difference between keeping vs neg-
lecting the pump noise and the coupling noise becomes even less visible. On the contrary, very close
to threshold or without a clear time-scale separation, e.g. γp ∼ γs and γc ∼ γs, one should stick to the
full stochastic dynamics, and the effective-Hamiltonian description may fail. Furthermore, when we con-
sider a system with a finite size, e.g. N = 3000, figure 7 further shows that once the pump strength is far
above threshold, the photon number of the signal mode ⟨ns⟩ can become so large that it even exceeds
N, i.e. ⟨ns(t)⟩> N. In this regime, our low-excitation approximation is still valid. We notice that in [87],
about 105 qubits has been demonstrated.
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[46] Latorre J I, Orús R, Rico E and Vidal J 2005 Entanglement entropy in the Lipkin–Meshkov–Glick model Phys. Rev. A 71 064101
[47] Salvatori G, Mandarino A and Paris M G A 2014 Quantum metrology in Lipkin–Meshkov–Glick critical systems Phys. Rev. A

90 022111
[48] Lee T E, Reiter F and Moiseyev N 2014 Entanglement and spin squeezing in non-Hermitian phase transitions Phys. Rev. Lett.

113 250401
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