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Two-dimensional spectroscopy (2DS) is a powerful ultrafast technique for probing electronic and vibrational
dynamics in complex microscopic systems. Extracting detailed information on system dynamics and system-bath
interactions from 2DS experiments requires precise theoretical simulations for comparison, which motivates the
development of numerically exact and computationally efficient simulation approaches. Here, we propose a
quantum-simulation approach for 2DS based on the bath-engineering technique, which has been successfully
employed in quantum simulations of open quantum dynamics. To demonstrate our approach, we first simulate
the 2DS of a driven four-level system in chiral enantiodetection, where we also assess the applicability of the
center-line slope method for extracting time correlation functions from the 2DS. We further apply our approach
to the 2DS of Rh(CO)2C5H7O2 dissolved in chloroform, where the results reproduce the main spectral patterns
observed in experiments. Our work provides a numerically exact and efficient framework for simulating 2DS,
and can offer additional insight into the dynamics of open quantum systems.
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I. INTRODUCTION

Two-dimensional spectroscopy (2DS) is a powerful tech-
nique for probing the ultrafast processes in complex systems,
with applications spanning physical [1–4], chemical [5–12],
and biological [13–20] domains. By correlating excitation
and detection frequencies in a time-resolved manner, 2DS
provides insights into processes such as solute-solvent in-
teractions, energy/charge transfer, and excitonic interactions
that go beyond what linear spectroscopies can reveal [21–28].
To interpret such experimental results, theoretical simulations
serve as a bridge between observed spectral signatures and the
underlying microscopic dynamics [29–31].

One of the main challenges in simulating 2DS lies in the
treatment of environmental effects [32,33]. Quantum systems
are generally coupled to structured baths with diverse time-
correlation functions (TCFs), which significantly influence
the peak shapes and dynamical features in 2DS. Conventional
perturbative approaches, such as the Redfield and Förster the-
ories, provide valuable insights within their respective validity
regimes, but their underlying approximations limit their appli-
cability to more complex systems [34–36]. The hierarchical
equations of motion (HEOM) provide a numerically exact
and widely adopted framework for describing system-bath
interactions [32,33,37–40], and they have greatly advanced
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our understanding of open quantum dynamics. Nevertheless,
the computational cost of the HEOM increases rapidly with
the system dimensionality and the complexity of the spectral
density, motivating the exploration of more efficient numerical
approaches in these conditions.

To this end, we propose a quantum-simulation approach
for the 2DS of open quantum systems based on the
bath-engineering technique (BET). Quantum-simulation ap-
proaches utilizing the BET have been recently proposed for
open quantum systems with general spectral densities [41,42]
and experimentally realized in ion traps [41,43] and nu-
clear magnetic resonance [44–46]. A key advantage of the
BET is its flexibility with respect to the spectral-density
profile, which facilitates simulations in highly structured
environments. Moreover, the computational cost in quantum-
simulation paradigms is not expected to exhibit exponential
scaling with respect to the system dimension [47,48]. These
considerations suggest that the BET-based quantum simula-
tion offers an efficient route for larger systems coupled to
more complicated environments. As a further application, we
use the BET-simulated 2DS to assess the center-line slope
(CLS) theory for extracting the TCF of the bath from the
2DS [49]. By comparing the TCF extracted via the CLS from
the BET-simulated 2DS with the preset TCF, we illustrate the
practical applicability of the CLS theory.

The article is structured as follows. We first introduce
the BET in Sec. II. Next, we demonstrate the simulation
of the 2DS in a four-level model relevant to enantiodetec-
tion of chiral molecules in Sec. III. The model consists of
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a cyclic three-level subsystem and a ground state. We then
assess the applicability of the CLS theory for extracting the
TCF in Sec. IV. Furthermore, we simulate the experimental
2DS of Rh(CO)2C5H7O2 (RDC) dissolved in chloroform in
Sec. V, reproducing the main structural features observed
in experiments [9,10]. Finally, we conclude our main find-
ings in Sec. VI. For the self-consistency, in Appendix A, we
derive the TCF of the bath. We further show the relation
between the CLS and the TCF in Appendix B. To simu-
late the rephasing and nonrephasing 2DS by the BET, we
provide the theoretical derivation in Appendix C. We inves-
tigate how the convergence of the BET simulation relies on
the ensemble size and the time step in Appendix D. Finally,
we discuss the possibility of applying the BET in different
platforms in Appendix E.

II. METHOD

In the Brownian oscillator model, the interaction between
the system and the bath can be described by the total Hamil-
tonian H = HS + HB + HSB [50] with

HS =
∑

j

ε j | j〉〈 j| +
∑
j �=i

J ji| j〉〈i|, (1)

HB =
∑

j,k

ω jka†
jka jk, (2)

HSB =
∑

j,k

g jk| j〉〈 j|(a†
jk + a jk ), (3)

where ε j is the site energy of | j〉, Jji is the coupling constant
between the state | j〉 and |i〉, and a†

jk (a jk) is the creation
(annihilation) operator for the kth mode in the bath of the state
| j〉 with frequency ω jk . The system-bath interaction is given
by the spectral density J j (ω) =∑k g2

jkδ(ω − ωk ) [50]. Al-
though a dephasing-form system-bath interaction is adopted
here for illustration, the BET framework is also capable of
effectively reproducing relaxation dynamics [41,43,51].

Based on the BET [41–44], we can simulate the dynamics
of the open quantum system by introducing a noise Hamilto-
nian of the form

HPDN(t ) =
∑

j

B j (t )| j〉〈 j|, (4)

Bj (t ) = Aj

nc∑
n=1

ωnFj (ωn) cos
(
ωnt + φ( j)

n

)
, (5)

to the system Hamiltonian HS, such that the quantum-
simulation Hamiltonian reads

HQS(t ) = HS + HPDN(t ). (6)

Here Bj (t ) is a time-dependent stochastic variable mimicking
the effect of the environment of the jth state. Aj is a global
scaling factor which characterizes the strength of the noise.
The random phases are given by {φ( j)

n |n = 1, 2 · · · nc} with
each φ

( j)
n uniformly distributed in [0, 2π ). The corresponding

mode frequencies are ωn = nω0, where ω0 is the base fre-
quency and ncω0 is the cutoff frequency. Fj (ω) characterizes
the shape of the noise’s correlation function in the frequency
domain.

The two-time correlation function of Bj (t ) is

〈Bj (t + τ )Bj (τ )〉 = A2
j

2

nc∑
n=1

[ωnFj (ωn)]2 cos(ωnt ), (7)

where 〈· · · 〉 is the average over the ensemble. As shown in
Appendix A, the TCF of the system can be expressed in terms
of the spectral density J j (ω) as

Cj (t ) =
∫ ∞

0
dωJ j (ω)

[
coth

(
βω

2

)
cos(ωt ) − i sin(ωt )

]
,

(8)

with β = 1/(kBTenv), where kB is the Boltzmann constant
and Tenv denotes the temperature of the environment. In
the high-temperature regime, the TCF becomes real and
the simulation of open quantum dynamics requires 〈Bj (t +
τ )Bj (τ )〉 = Re[Cj (t )] [42]. Equivalently, the decoherence
factor χ j (t ) equals the real part of the line shape function
g j (t ), i.e., χ j (t ) = Re[g j (t )] [42], where

χ j (t ) =A2
j

nc∑
n=1

[Fj (ωn)]2 sin2 ωnt

2
, (9)

g j (t ) =
∫

dω
J j (ω)

ω2

[
(1 − cos ωt ) coth

βω

2
+ i(sin ωt − ωt )

]
.

(10)

With Fj (ω) determined from the Fourier transform of
Re[Cj (t )] and a global scaling factor Aj , the target TCF can
be reconstructed. By further selecting the appropriate base
frequency ω0 and the cutoff nc, the open quantum dynamics
governed by H can be faithfully reproduced by an ensemble
average over HQS(t ). Further discussions on the types and
controllability of environmental noise realizable on various
experimental platforms are provided in Appendix E.

III. BET-BASED SIMULATION OF 2DS:
FOUR-LEVEL CHIRAL SYSTEM

As a demonstration, we simulate the 2DS of a four-
level system consisting of a cyclic three-level subsystem
and a ground state for enantiodetection of chiral molecules
[52], where three electric-dipole transitions are resonantly
driven by three electromagnetic driving fields, as depicted
in Fig. 1(a). In the interaction picture with respect to Hα

0 =∑3
j=1 e j |eα

j 〉〈eα
j |, the effective Hamiltonian reads

Hα
eff = Hα

I +
∑

j,k

[
ωika†

jka jk + g jk

∣∣eα
j

〉〈
eα

j

∣∣(a†
jk + a jk )

]
, (11)

Hα
I = �α

21

∣∣eα
2

〉〈
eα

1

∣∣+ �α
31

∣∣eα
3

〉〈
eα

1

∣∣+ �α
32

∣∣eα
3

〉〈
eα

2

∣∣+ H.c.,
(12)

where α = L, R represents left- and right-handed chi-
ral molecules, respectively, with �L

21 = �R
21 = �21, �L

31 =
�R

31 = �31, �L
32 = −�R

32 = −�32. Time-dependent stochas-
tic variables Bj (t )’s are used to simulate the impact of the
environment, and thus the simulation Hamiltonian reads

Hα
QS(t ) = Hα

I +
∑

j

B j (t )
∣∣eα

j

〉〈
eα

j

∣∣. (13)
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(a) (b)

signal

sample
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FIG. 1. Schematic of 2DS and its application for enantiodetec-
tion of chiral molecules. (a) The four-level structure in a left-handed
chiral molecule with three control fields applied for distinguishing
the two chiral forms. The difference between the two chiral forms lies
in the fact that the transition dipole moments between |eL

2 〉 ↔ |eL
3 〉

and |eR
2 〉 ↔ |eR

3 〉 are opposite in sign, resulting in �L
32 = −�R

32 =
−�32. The incident probe pulses with wave vectors �kp (p = a, b, c)
are applied to induce the transition between |gα〉 and |eα

1 〉 with
Rabi frequency �p. (b) Schematic illustration of 2DS. The detec-
tion pulses employ the square-wave approximation, and the curve
represents the signal.

In 2DS, three pulses �Ea, �Eb, and �Ec with incident wave vec-
tors �kp (p = a, b, c) sequentially interact with the sample to
generate a nonlinear signal field �Es, as illustrated in Fig. 1(b).
In the interaction picture, the Hamiltonian during a pulse is
written as

V α
p (t ) = �p(t )ei�kp·�rμα

+ + H.c., (14)

where μα
+ = |eα

1 〉〈gα| = (μα
−)† is the dipole operator. The

sample interacts initially with the first pulse along �ka, followed
by an interaction with the second pulse along �kb after the
coherence time τ . Subsequently, after the population time
T , the sample interacts with the third pulse along �kc. The
signals emitted from the sample are measured after the signal
time t . In typical experiments, the rephasing and nonrephasing
signals are measured along the directions �krp = −�ka + �kb + �kc

and �knr = �ka − �kb + �kc, respectively.
Given that the initial state of the system is the thermal-

equilibrium state and that the energy gap between the ground
state and the excited states is large, the system can be regarded
as being in the ground state. Therefore, the initial density
matrix ρα

0 can simply be taken as the pure state |gα〉. In the
BET, there are multiple pathways governed by the ensemble
of Hamiltonians, and each pathway will process the interac-
tions with the pulses and the free evolutions, resulting in a set
of final states. In the interaction picture, the final state of each
pathway is given as

|ψα
I (τ, T, t )〉 = U α

QS(t + T + τ, T + τ )U α
cIU

α
QS(T + τ, τ )

× U α
bIU

α
QS(τ, 0)U α

aI

∣∣gα
0

〉
. (15)

The evolution operator in the presence of the pulse is U α
pI =

T exp[−i
∫ δtp

0 dsV α
p (s)], which is approximated to the first

order as U α
pI ≈ I − iV α

p δtp, where V α
p = �p exp(i�kp · �r)μα

+ +
H.c. Here, we use the square-pulse approximation and assume

FIG. 2. Double-sided Feynman diagrams for the (a) rephasing
and (b) nonrephasing signals. The arrows represent the incident
probe pulses and the signals.

that �pδt 	 1. On this basis, the third-order polarization sig-
nals in the rephasing and the nonrephasing directions can be
conveniently calculated by the following equations:

Pα
rp(t, T, τ ) = 〈Tr

(
μα

−Gα
t

{
μα

+Gα
T

[
Gα

τ

(
ρα

0 μα
−
)
μα

+
]})〉

+ 〈Tr
(
μα

−Gα
t

{
Gα

T

[
μα

+Gα
τ

(
ρα

0 μα
−
)]

μα
+
})〉

, (16)

Pα
nr (t, T, τ ) = 〈Tr

(
μα

−Gα
t {μα

+Gα
T

[
μα

−Gα
τ

(
μα

+ρα
0

)]})〉
+ 〈Tr
(
μα

−Gα
t

{
Gα

T

[
Gα

τ

(
μα

+ρα
0

)
μα

−
]
μα

+
})〉

. (17)

Note that the leftmost μα
− is used to compute the polarization

signal while the other three describe the interaction with a
pulse. The superoperators Gα

τ , Gα
T , and Gα

t denote the free
evolution of the system’s reduced density matrix governed
by the time evolution operator U α

QS(τ, 0), U α
QS(T + τ, τ ), and

U α
QS(t + T + τ, T + τ ), respectively, in the absence of exter-

nal pulses. The final signal in the time domain is obtained
by the ensemble average of the time-domain signals of all
pathways. Note that the first terms in Eqs. (16) and (17) cor-
respond to the ground-state bleaching, while the second terms
correspond to the stimulated emission, as illustrated by the
double-side Feynman diagrams in Fig. 2. The 2DS is obtained
as the real part of the double Fourier transform of the time-
domain signal with respect to the coherence and detection
times, τ and t , i.e., P̃α

x (ωt , T, ωτ ) ≡ Re(Fτ {Ft [Pα
x (t, T, τ )]}),

x ∈ {rp, nr}. A detailed derivation of the rephasing and non-
rephasing signal is presented in Appendix C.

In the demonstration on enantiodetection of chiral
molecules using 2DS, 1,2-propanediol with equal Rabi fre-
quencies �21 = �31 = �32 = � is considered [52]. In this
case, two of the three eigenstates of Hα

I are degenerate, and the
eigenvalues of the nondegenerate state are twice that of the de-
generate states with a negative sign, i.e., Eα

1 = Eα
2 = −Eα

3 /2.
Therefore, there are four peaks in the obtained 2DS, located
at (−2�,�), (�,�), (−2�,−2�), (�,−2�) in the case of
left-handed chiral molecules, as can be observed in Fig. 3. We
present the result by the quantum simulation with χ (t ) = γ t
in Fig. 3(a). The TCF takes the form δ(t ) in this condition,
indicating the system is Markovian. In the calculation, we take
the Rabi frequency �/2π = 2 MHz and the pure-dephasing
rate γ /2π = 0.1 MHz. Given that the decoherence factor χ (t )
can only be considered linear if the decoherence is Markovian
[50], we consider a more general situation when χ (t ) pos-
sesses a quadratic form in short times, while it scales linear
with t in the long run. The result is quite different from the
linear situation, as shown in Fig. 3(b). Both the diagonal and
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FIG. 3. The rephasing signals of the 2DS simulated by the BET
with (left) linear χ (t ), (right) nonlinear χ (t ) at population time
T = 0. In the linear case, the parameters are γ /2π = 0.1 MHz, Aj =
8 MHz, nc = 750, ω0/2π = 1 kHz, while in the nonlinear case, the
parameters are Aj = 350 MHz, nc = 750, ω0/2π = 25 Hz. For both
cases, the ensemble size is N = 6000.

the cross peaks are elongated diagonally, implying a correla-
tion between the two frequency axes.

IV. CENTER-LINE SLOPE THEORY

2DS can be used to detect the information of both the
energy structure and the interaction between the environment
and the system. One of the methods for obtaining the system-
bath coupling is the CLS theory, which indicates that the TCF
can be obtained from the slope of the center line of the 2DS
[49,53]. Due to assumptions made in the derivation, such as
the short-time approximation, the CLS theory results in equal
CLSs for both the rephasing and nonrephasing signals when
the TCF is real, cf. Appendix B, which is not practical in the
visible regime [54]. Since the BET allows for constructing an
environment with a specific TCF, we assess the CLS method
by comparing the CLS from the 2DS with the preset TCF.

We adopt the TCF of exponential form as [49]

C(t ) = �2e−|t |/τc , (18)

where � is the fluctuation amplitude and τc is the cor-
relation time. Performing a double integration of TCF
yields the line-shape function, i.e., g(t ) = ∫ t

0 dt1
∫ t1

0 dt2C(t2),
which evaluates to g(t ) = �2τ 2

c (e−t/τc + t/τc − 1). Given
that C(t ) is an even function, it is expanded into Fourier
series as

∑
n=0 dn cos(ωnt ). By appropriately selecting

the cutoff frequency ncω0 and the base frequency ω0,
Eq. (7) can accurately reproduce the TCF in Eq. (18), cf.
Appendix D. The TCF is extracted from the CLS of
the absorptive 2DS, which is obtained by the sum of
the real parts of the signals in rephasing and nonrephas-
ing directions, i.e., P̃α

abs(ωτ , T, ωt ) = Re[P̃α
rp(ωτ , T, ωt ) +

P̃α
nr (ωτ , T, ωt )]. The details for the derivation are provided

in Appendix C. Figure 4 demonstrates the time evolution
of the top-right diagonal peak in the absorptive 2DS. The
center lines are depicted by red (blue) lines, whose slopes
are calculated with respect to the ωτ (ωt ) axis. To obtain
the CLS effectively, the center lines are restricted to the full
width at half-maximum of the peaks and are fitted by a
straight line using the least-squares method. As the population
time T increases, the height of the peak decreases, and the
CLSs with respect to ωt and ωτ decrease and tend to zero.
As depicted in Figs. 5(a) and 5(b), we fit each of the two
CLS types and their average by an exponential function of
a exp(−t/τc), and compare the normalized results with the
preset TCF. The evolution of CLSs over time can be well
described by an exponential decay, and the normalized results
are consistent with the preset TCF. However, for the rephasing
and nonrephasing 2DS, the CLSs deviate significantly from
the preset TCF, as shown in Figs. 7–10 of Appendix C. The
CLS obtained from the rephasing 2DS generally presents a
monotonic behavior, but with a decay rate much lower than
the preset one, while the CLS obtained from the nonrephasing
2DS exhibits a nonmonotonic dependence on T .

V. SIMULATION FOR RDC DISSOLVED IN CHLOROFORM

To further validate our simulation approach, we perform
the simulation of the 2DS for RDC dissolved in chloroform.

FIG. 4. The top-right diagonal peak in the absorptive 2DS of pure left-handed chiral molecules simulated by the BET at population time
T = 0, 4, 8 µs. The red (blue) dotted lines are the center lines for ωτ (ωt ). The red (blue) solid lines are the least-squares fitting of the center
lines for ωτ (ωt ). The parameters of the TCF are � = 1 MHz and τc = 4 µs, while the other parameters are Aj = 1 MHz, nc = 3.6 × 104,
ω0/2π = 125 Hz and the ensemble size is N = 6000.
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(�s) (�s)

FIG. 5. Comparison of the CLS with TCF. (a) The dependence of
the CLS on the population time T . The red diamonds, blue squares,
and green triangle are the CLS with respect to ωτ and ωt , and their
average. The red dashed-dotted line, the blue dashed line, and the
green dotted line are the corresponding fitted results. (b) Comparison
of the normalized fitted results with the TCF plotted as the black solid
line.

(a)

(b)

FIG. 6. (a) The energy-level structure of the RDC. The solid
(dashed) arrows represent the allowed (forbidden) transitions.
(b) The absorptive 2DS at T = 0 obtained by the BET-based
quantum-simulation approach.

This system consists of six energy levels and has been pre-
viously characterized by both experimental and theoretical
results [9,10]. The simulation parameters are taken therein,
and the result is shown in Fig. 6.

Figure 6(a) demonstrates the energy-level structure
of the RDC, where the solid arrows denote the allowed
transitions and the dashed arrows denote the forbidden ones.
The system includes a ground vibrational state |00〉, two
one-quantum states |a〉 and |s〉, and three two-quantum
states |2a〉, |2s〉, and |as〉. The transition frequencies
between these states are, respectively, ωa,0 = 2014 cm−1,
ωs,0 = 2085 cm−1, ω2a,a = 2001 cm−1, ω2s,s = 2073 cm−1,
ωas,a = 2058 cm−1, ωas,s = 1989 cm−1, ω2a,s = 1932 cm−1,
and ω2s,a = 2142 cm−1 [55]. The nonvanishing elements
in electric-dipole operator are μa,0 = 1.05μs,0, μas,s =
μa,0, μas,a = μs,0, μaa,a = 1.48μs,0, μss,s = 1.41μs,0, μss,a

= μaa,s = 0.13μs,0 and μs,0 = 1 [55]. In addition, the
evolution times τ and t vary from 0 to 5 ps, with a time step
of 5 fs. The probe pulses have the same spectral bandwidth,
which are wide enough to excite all the vibrational transitions.

The TCF for one-quantum states is given by

Cp,q(t ) = 〈δωp,0(t )δωq,0(0)〉
= ρqpσppσqqe−|t |/τpq (p, q = a, s), (19)

where δωp,0 and δωq,0 are the fluctuations of transition
frequencies for one-quantum states. σpp and σqq are the ampli-
tudes for the fluctuations, while τpq is the correlation time. ρqp

characterizes the statistical interdependence between δωp,0

and δωq,0, which can take values between −1 and +1. For au-
tocorrelation, p = q and ρpp = 1, while for cross-correlation,
p �= q. Parameters of the TCF for the one-quantum states are
σaa = 7.4 cm−1, σss = 5.2 cm−1, τaa = 2.0 ps, τss = 2.0 ps,
τas = 1.2 ps, and ρas = 0.9 [9,10].

In addition to the auto- and cross-correlations of the one-
quantum states, the autocorrelations of the two-quantum states
are also considered. Their TCFs are constructed from the one-
quantum correlations and are given as

Cpq,pq(t ) = 〈δωpq,0(t )δωpq,0(0)〉
= η2(σpp + σqq)2e−|t |/√τppτqq ,

(p, q = a, s; pq = 2a, 2s, as). (20)

Here, δωpq,0(t ) denotes the fluctuation of two-quantum states.
Since these fluctuations are not fully correlated with those
of the one-quantum states, a scaling factor η = 0.1 is intro-
duced [56]. The cross-correlations among the two-quantum
states, and between the one- and two-quantum states, are
neglected.

The elements in the noise Hamiltonian of the BET are
obtained from the TCF. When taking the cross-correlation into
account, Bj (t ) would become more complex, and can be di-
vided into two parts: one associated with the cross-correlation,
and the other corresponding to the difference between the au-
tocorrelation and the cross-correlation. Accordingly, Bj (t ) =
β

(cr)
j (t ) + β

(ac)
j (t ) ( j = a, s), which satisfies TCFs for both
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FIG. 7. The top-right diagonal peak in the rephasing signal of the 2DS simulated by the BET at population times (a) T = 0 µs, (b) T = 4 µs,
(c) T = 8 µs. The red (blue) dotted lines are the center lines for ωτ (ωt ). The red (blue) solid lines are the least-squares fitting of the center
lines for ωτ (ωt ). The parameters are the same as in Fig. 4.

the auto- and cross-correlations. Each part of Bj (t ) is
written as

β
(cr)
j (t ) =

nc∑
n=1

ωn
1

n

√
4

πω0

(
ρasσaaσssτas

1 + ω2
nτ

2
as

)

× cos
(
ωnt + φ( j,cr)

n

)
, (21)

β
(ac)
j (t ) =

nc∑
n=1

ωn
1

n

√√√√ 4

πω0

(
σ 2

j jτ j j

1 + ω2
nτ

2
j j

− ρasσaaσssτas

1 + ω2
nτ

2
as

)

× cos
(
ωnt + φ( j,ac)

n

)
. (22)

(�s) (�s)

FIG. 8. (a) The dependence of the CLS, extracted from the
rephasing signal of the 2DS, on the population time T . The red dia-
monds (blue squares) are the CLS corresponding to ωτ (ωt ). CLSave

is the average of CLSωt and CLSωτ
. The red dashed-dotted line, the

blue dashed line, and the green dotted line are the corresponding
fitted results. (b) The normalized CLSs are compared with the TCF
denoted by the black solid line. The parameters are the same as in
Fig. 4.

For the two-quantum states, Bj (t ) ( j = 2a, 2s, as) with
only the autocorrelation taken into account are written as

Bj (t ) =
nc∑

n=1

ωn
1

n

√
4

πω0

(
η2(σpp + σqq)2√τppτqq

1 + ω2
nτppτqq

)

× cos
(
ωnt + φ( j)

n

)
, (23)

where the mapping between j and (p, q) is defined as
j = 2a → (p, q) = (a, a), j = 2s → (p, q) = (s, s), and j =
as → (p, q) = (a, s). The sets of random phases {φ(a,ac)

n , (n =
1, 2, . . . , nc)} and {φ(s,ac)

n , (n = 1, 2, . . . , nc)} are mutually in-
dependent and uniformly distributed in [0, 2π ). {φ(2a)

n , (n =
1, 2, . . . , nc)} and {φ(2s)

n , (n = 1, 2, . . . , nc)} for the auto-
correlations of |2a〉 and |2s〉 are identical to {φ(a,ac)

n , (n =
1, 2, . . . , nc)} and {φ(s,ac)

n , (n = 1, 2, . . . , nc)}, respectively.
{φ(as)

n , (n = 1, 2, . . . , nc)} here is set to be the average of these
two sets. For the cross-correlations of |a〉 and |s〉, the ran-
dom phases are identical, i.e., {φ(a,cr)

n , (n = 1, 2, . . . , nc)} =
{φ(s,cr)

n , (n = 1, 2, . . . , nc)}, and are drawn from another inde-
pendent set uniformly distributed in [0, 2π ).

Figure 6(b) is the simulation of absorptive 2DS using the
BET-based quantum-simulation approach. To obtain it, the
time-domain rephasing and nonrephasing signals are calcu-
lated. Then, we apply zero padding to expand the length of the
time-domain data to 5000 points per dimension. The absorp-
tive signal is the real part of the summation of the rephasing
and nonrephasing signals after the double Fourier transforms.

Our simulation faithfully reproduces the experimental ob-
servations in Refs. [9,10]. It exhibits the same number,
positions, signs, and tilts of all peaks, whose origin can
be illustrated as follows. After the first pulse, the system
is promoted to optical coherences within the one-quantum
manifold. Accordingly, along the ωτ axis, peaks appear at
ωτ = ωa,0, ωs,0. After the subsequent interactions, the de-
tected third-order polarization evolves during the detection
time t either on the coherences between the ground state
and the one-quantum states or on the coherences between
the one-quantum states and the two-quantum states. Con-
sequently, the signals at ωt = ωa,0, ωs,0 are dominated by
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FIG. 9. The top-right diagonal peak in the nonrephasing signal of the 2DS simulated by the BET at population times (a) T = 0 µs, (b)
T = 4 µs, (c) T = 8 µs. The red (blue) dotted lines are the center lines for ωτ (ωt ). The red (blue) solid lines are the least-squares fitting of the
center lines for ωτ (ωt ). The parameters are the same as in Fig. 4.

the ground-state bleaching, giving rise to the positive peaks,
whereas the signals at ωt = ω2a,a, ω2s,s, ωas,a, ωas,s are dom-
inated by the excited-state absorption, leading to the negative
peaks. Accordingly, the tilt of the positive peaks is primarily
governed by the frequency-frequency correlations within the
one-quantum manifold. By contrast, the tilt of the negative
peaks is dominantly influenced by the correlations associated
with the two-quantum states.

VI. CONCLUSION

In this work, we develop a BET-based quantum-simulation
method to simulate the 2DS of open quantum systems. We
simulate the 2DS of a four-level system for the enantiode-
tection of chiral molecules. Furthermore, we assess the CLS
theory using the simulated spectra. The results represent that

(�s)

FIG. 10. The dependence of the CLS, extracted from the non-
rephasing signal of the 2DS, on the population time T . The red
diamonds (blue squares) are the CLS corresponding to ωτ (ωt ).
CLSave is the average of CLSωt and CLSωτ

. The parameters are the
same as in Fig. 4.

the preset TCF can be recovered from the absorptive 2DS,
whereas the CLS theory fails for the 2DS of the rephasing and
nonrephasing signals. In this way, we clarify the application
of the CLS theory in practice. To further demonstrate our
approach, we apply it to the simulation of the 2DS for the
RDC dissolved in chloroform, where the result is consis-
tent with previous experimental observations. Our approach
provides an alternative for exploring the dynamics of open
quantum systems through the 2DS, and it is particularly suited
for structured environments where conventional treatments
may become computationally demanding. This approach is
expected to enable high-efficiency quantum simulation of the
2DS in experimental platforms, which may explore quantum
coherence as a design element for realizing functionalities in
chemical and biophysical systems [57].
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APPENDIX A: TCF OF ELECTRONIC SYSTEM
COUPLING TO HARMONIC VIBRATIONS

In this Appendix, we derive the TCF of the bath. In the
Brownian-oscillator model, the electronic degrees of free-
dom are coupled to nuclear motions modeled as independent
modes of harmonic ocillators. The Hamiltonian of a two-level
system reads [23]

H = |g〉Hg〈g| + |e〉He〈e|, (A1)

where

Hg =
∑

j

(
p2

j

2mj
+ 1

2
mjω

2
j q

2
j

)
, (A2)

He = h̄ω0
eg +
∑

j

[
p2

j

2mj
+ 1

2
mjω

2
j (q j + d j )

2

]
(A3)

are the Hamiltonians when the electronic system is in the
ground state and the excited state, respectively, the energy gap
between the ground state and the excited state is h̄ω0

eg, p j , q j ,
and mj represent the momentum, the position, and the mass
of the jth nuclear mode, respectively. d j is the displacement
which characterizes the system-bath coupling. qj and p j can
be rewritten in terms of the creation and annihilation opera-
tors, i.e., a†

j and a j , as

q j = 1√
2mjω j

(a†
j + a j ), (A4)

p j =
√

2mjω j

2i
(a j − a†

j ). (A5)

Thus, the total Hamiltonian becomes

H =
⎛
⎝h̄ω0

eg +
∑

j

1

2
mjω

2
j d

2
j

⎞
⎠|e〉〈e| +

∑
j

ω ja
†
j a j

+ |e〉〈e|
∑

j

g j (a
†
j + a j ) + 1

2

∑
j

ω j, (A6)

with the coupling strength g j = d jω j
√

mjω j/2.
Initially, the bath modes are assumed to be at the ther-

mal equilibrium while the electronic system is in the ground
state, i.e.,

ρ0 = |g〉〈g| ⊗ e−βHg

Tr(e−βHg )
, (A7)

with β ≡ 1/kBT . Hereafter, we redefine

Hg =
∑

l

h̄ωl a
†
l al (A8)

for simplicity.
According to Eqs. (A2) and (A3), the electronic energy

gap is

M(t ) =
∑

j

m jω
2
j d jq j . (A9)

The TCF of the electronic energy gap is

C(t ) = 〈M(t )M(0)ρ0〉 =
∑

j

ξ 2
j c j (t ), (A10)

with

ξ ≡ mjω
2
j d j, (A11)

c j (t ) ≡ 〈q j (t )q j (0)ρ0〉, (A12)

which has a symmetry

c j (−t ) ≡ 〈q j (−t )q j (0)ρ0〉 = 〈q j (0)q j (t )ρ0〉 = c∗
j (t ).

(A13)

We can separate c j (t ) into its real and imaginary parts as

c j (t ) = c′
j (t ) + ic′′

j (t ), (A14)

where

c′
j (t ) ≡ 1

2 [〈q j (t )q j (0)ρ0〉 + 〈q j (0)q j (t )ρ0〉], (A15)

c′′
j (t ) = − i

2
[〈q j (t )q j (0)ρ0〉 − 〈q j (0)q j (t )ρ0〉]. (A16)

By using Eq. (A13), we have

c′
j (t ) = c′

j (−t ), (A17)

c′′
j (t ) = −c′′

j (−t ). (A18)

Furthermore, we can define the Fourier transform of the real
and imaginary parts of the correlation function of the primary
coordinates as

c̃′
j (ω) ≡

∫ ∞

−∞
dte−iωt c′

j (t ), (A19)

c̃′′
j (ω) ≡ −i

∫ ∞

−∞
dte−iωt c′′

j (t ). (A20)

To calculate qj (t ), we use the Heisenberg equation

d

dt
q j (t ) = 1

ih̄
[q j (t ), H], (A21)

and obtain the equation of motion for qj (t ) as

d

dt
q j (t ) = p j (t )

mj
(|g〉〈g| + |e〉〈e|). (A22)

In the same way, the equation of motion for pj (t ) is obtained
as

d

dt
p j (t ) = −mjω

2
j q j − |e〉〈e|mjω

2
j d j . (A23)

By solving Eqs. (A22) and (A23), we can obtain

q j (t ) = −d j |e〉〈e| + [dj |e〉〈e| + qj (0)] cos(ω jt )

+ p j (0)

mjω j
sin(ω jt ), (A24)

p j (t ) = −mjω j[d j |e〉〈e| + qj (0)] sin(ω jt )

+ p j (0) cos(ω jt ). (A25)
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Furthermore, we rewrite q j (t ) in terms of a†
j and a j as

q j (t ) = d j |e〉〈e|[cos(ω jt ) − 1] + aje−iω j t + a†
j e

iω j t√
2mjω j

.

(A26)

Substituting Eqs. (A7) and (A26) into Eq. (A12), we have

c j (t ) = 1

2mjω j Tr[e−βHg]
[〈a ja

†
j e

−β
∑

l ωl a
†
l al 〉e−iω j t

+ 〈a†
j a je

−β
∑

l ωl a
†
l al 〉eiω j t ], (A27)

where

〈a ja
†
j e

−β
∑

l ωl a
†
l al 〉

=
[ ∞∑

n j=0

(n j + 1)e−βω j n j

]∏
k �= j

∞∑
nk=0

e−βωknk , (A28)

〈a†
j a je

−β
∑

l ωl a
†
l al 〉

=
[ ∞∑

n j=0

n je
−βω j n j

]∏
k �= j

∞∑
nk=0

e−βωknk , (A29)

Tr[e−β
∑

l ωl a
†
l al ] =

∏
k

∞∑
nk=0

exp(−βωknk ). (A30)

Therefore, we have

c j (t ) = 1

2mjω j

[(
2
∑∞

n=0 ne−βω j n∑∞
n=0 e−βω j n

+ 1

)
cos ω jt − i sin ω jt

]
.

(A31)

Since

∞∑
n=0

ne−βω j n = e−βω j

(1 − e−βω j )2
,

∞∑
n=0

e−βω j n = 1

1 − e−βω j
, (A32)

c j (t ) can be obtained as

c j (t ) = 1

2mjω j

[
coth

(
βω j

2

)
cos(ω jt ) − i sin(ω jt )

]
.

(A33)

According to Eq. (A10),

C(t ) =
∑

j

g2
j

[
coth

(
βω j

2

)
cos(ω jt ) − i sin(ω jt )

]
. (A34)

Replacing the summation by the integral, the TCF reads

C(t ) =
∫ ∞

0
dωg2(ω)ρ(ω)

[
coth

(
βω

2

)
cos(ωt ) − i sin(ωt )

]
,

(A35)

and

C′(t ) =
∫ ∞

0
dωg2(ω)ρ(ω) coth

(
βω

2

)
cos(ωt ), (A36)

C′′(t ) = −
∫ ∞

0
dωg2(ω)ρ(ω) sin(ωt ), (A37)

with ρ(ω) being the density of the state at frequency ω in the
bath.

According to Eqs. (A19) and (A20), we have

C̃′(ω) = πg2(ω)ρ(ω) coth

(
βω

2

)
, (A38)

C̃′′(ω) = πg2(ω)ρ(ω). (A39)

The TCF reads

C(t ) = 1

π

∫ ∞

0
dωC̃′′(ω)

[
coth

(
βω

2

)
cos(ωt ) − i sin(ωt )

]
,

(A40)

and

C′(t ) = 1

π

∫ ∞

0
dωC̃′′(ω) coth

(
βω

2

)
cos(ωt ), (A41)

C′′(t ) = − 1

π

∫ ∞

0
dωC̃′′(ω) sin(ωt ), (A42)

and the line-shape function is

g(t ) =
∫ t

0
dτ2

∫ τ2

0
dτ1C(τ1)

= 1

π

∫ ∞

0
dω

C̃′′(ω)

ω2

{
coth

(
βω

2

)
[1 − cos(ωt )]

+ i[sin(ωt ) − ωt]

}
. (A43)

Note that the spectral density is defined as J (ω) = C̃′′
(ω)/π = g2(ω)ρ(ω).

APPENDIX B: RELATION BETWEEN CLS AND TCF

In the cases where the TCF is complex, based on
the response-function theory, Rj ( j = 1, 2, 3, 4) are as
follows [23]:

R1(t, T, τ ) = μ4e−iωeg(τ+t )eg1(t,T,τ ), (B1)

R2(t, T, τ ) = μ4e−iωeg(t−τ )eg2(t,T,τ ), (B2)

R3(t, T, τ ) = μ4e−iωeg(t−τ )eg3(t,T,τ ), (B3)

R4(t, T, τ ) = μ4e−iωeg(τ+t )eg4(t,T,τ ), (B4)

where

g1(t, T, τ ) = −g(τ ) − g∗(T ) − g∗(t ) + g(τ + T )

+ g∗(T + t ) − g(τ + T + t ), (B5)

g2(t, T, τ ) = −g∗(τ ) + g(T ) − g∗(t ) − g∗(τ + T )

− g(T + t ) + g∗(τ + T + t ), (B6)
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g3(t, T, τ ) = −g∗(τ ) + g∗(T ) − g(t ) − g∗(τ + T )

− g∗(T + t ) + g∗(τ + T + t ), (B7)

g4(t, T, τ ) = − g(τ ) − g(T ) − g(t ) + g(τ + T )

+ g(T + t ) − g(τ + T + t ), (B8)

and the line-shape function is given by Eq. (A43).
Under the short-time approximation, to the second order of

τ and t , i.e., cos ωt ≈ 1 − ω2t2/2, sin ωt ≈ ωt , substituting
Eqs. (A40)–(A42) into Eqs. (B5)–(B8) yields

g1(t, T, τ ) = −
(

τ 2

2
+ t2

2

)
C′(0) − τ tC(T ) − t2C′′(T )

− 2t
∫ T

0
C′′(t )dt, (B9)

g2(t, T, τ ) = −
(

τ 2

2
+ t2

2

)
C′(0) + τ tC∗(T ) − t2C′′(T )

− 2t
∫ T

0
C′′(t )dt, (B10)

g3(t, T, τ ) = −
(

τ 2

2
+ t2

2

)
C′(0) + τ tC∗(T ), (B11)

g4(t, T, τ ) = −
(

τ 2

2
+ t2

2

)
C′(0) − τ tC(T ). (B12)

Assuming that the imaginary part of the TCF is equal to zero,
e.g., in the high-temperature limit, the response functions in
the time domain become

R1(t, T, τ ) = R4(t, T, τ )

= μ4e−iωeg(τ+t )e− τ2+t2

2 C(0)−τ tC(T ), (B13)

R2(t, T, τ ) = R3(t, T, τ )

= μ4e−iωeg(t−τ )e− τ2+t2

2 C(0)+τ tC(T ). (B14)

Performing the Fourier transforms with respect to τ and t ,
respectively, i.e.,

R̃k (ωt , T, ωτ ) =
∫

dτ

∫
dtei(ωτ τ+ωt t )Rk (t, T, τ )(k = 1, 4),

(B15)

R̃l (ωt , T, ωτ ) =
∫

dτ

∫
dtei(−ωτ τ+ωt t )Rl (t, T, τ )(l = 2, 3),

(B16)

the signals in the frequency domain are obtained as

R̃k (ωt , T, ωτ ) = 2πμ4√
C(0)2 − C(T )2

exp

{
−C(0)[(ωτ − ωeg)2 + (ωt − ωeg)2] − 2C(T )(ωτ − ωeg)(ωt − ωeg)

2[C(0)2 − C(T )2]

}
(k = 1, 4),

(B17)

R̃l (ωt , T, ωτ ) = 2πμ4√
C(0)2 − C(T )2

exp

{
−C(0)[(ωτ + ωeg)2 + (ωt − ωeg)2] + 2C(T )(ωτ + ωeg)(ωt − ωeg)

2[C(0)2 − C(T )2]

}
(l = 2, 3).

(B18)

Notice that R̃ j (ωt , T, ωτ ) ( j = 1, 2, 3, 4) are real as long
as the TCF is real. By setting the partial derivatives of
Rj (ωt , T, ωτ ) ( j = 1, 2, 3, 4) with respect to ωτ and ωt equal
to zero, respectively, we can obtain the CLS as

∂R̃k

∂ωτ

= 0 ⇒ CLSRk
ωt

= C(T )

C(0)
(k = 1, 4), (B19)

∂R̃k

∂ωt
= 0 ⇒ CLSRk

ωτ
= C(T )

C(0)
(k = 1, 4), (B20)

∂R̃l

∂ωτ

= 0 ⇒ CLSRl
ωt

= C(T )

C(0)
(l = 2, 3), (B21)

∂R̃l

∂ωt
= 0 ⇒ CLSRl

ωτ
= C(T )

C(0)
(l = 2, 3). (B22)

It can be observed that, based on the response-function theory
and the short-time approximation, when C(t ) is real, all of the
CLSs of R̃ j ( j = 1, 2, 3, 4) are equal to the normalized C(t ).

APPENDIX C: REPHASING AND NONREPHASING 2DS

During the intervals between the two successive probe
pulses, the sample interacts with the three control electromag-
netic fields, as shown in Fig. 1(a). Since in the Schrödinger

picture the interaction Hamiltonian between the control fields
and the molecule is time-dependent, we transform it to the
interaction picture in order to make it time-independent.

In the Schrödinger picture, the total Hamiltonian without
the system-bath interaction is given by

Hα = Hα
0 + V α, (C1)

where

Hα
0 =

3∑
j=1

h̄ω j

∣∣eα
j

〉〈
eα

j

∣∣ (C2)

is the Hamiltonian of the four-level system with the energy of
the ground state assumed to be zero. Assuming the amplitudes
of the control fields are constant, the interaction Hamiltonian,
based on the electronic dipole approximation, is given by

V α = −
∑
i> j

�dα
i j · �Ei j (t )

= −
∑
i> j

�μα
i j · �Ei j
(∣∣eα

i

〉〈
eα

j

∣∣+ ∣∣eα
j

〉〈
eα

i

∣∣) cos(ωi jt ). (C3)

Transforming to the interaction picture with respect to
the unitary operater U α

0 (t ) = exp(−iHα
0 t/h̄), the efficient
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Hamiltonian reads

Hα
I = U α†

0 (t )V αU α
0 (t )

= −
∑
i> j

�μα
i j · �Ei j
[
eiωi j t
∣∣eα

i

〉〈
eα

j

∣∣+ H.c.
]

cos(ωi jt ). (C4)

As the control fields are resonant with the corresponding
transitions, the efficient Hamiltonian Hα

I reads

Hα
I = −

∑
i> j

�μα
i j · �Ei j

2

[∣∣eα
i

〉〈
eα

j

∣∣e2iωi j t + ∣∣eα
i

〉〈
eα

j

∣∣+ H.c.
]
.

(C5)

According to the rotating-wave approximation, we obtain

Hα
I = −

∑
i> j

�α
i j

(∣∣eα
i

〉〈
eα

j

∣∣+ ∣∣eα
j

〉〈
eα

i

∣∣), (C6)

where the Rabi frequency is defined as �α
i j = −�μα

i j · �Ei j/2.
Therefore, the effective Hamiltonian in the interaction
picture is

Hα
I = �α

21

∣∣eα
2

〉〈
eα

1

∣∣+ �α
31

∣∣eα
3

〉〈
eα

1

∣∣+ �α
32

∣∣eα
3

〉〈
eα

2

∣∣+ H.c.

(C7)

Assume that the probe pulses are so strong that the interac-
tions between the three control fields and the system become
negligible when the probe pulses are applied. Therefore, in
the interaction picture, the Hamiltonian describing the system
during a pulse is written as

V α
p (t ) = �p(t )ei�kp·�r∣∣eα

1

〉〈
gα
∣∣+ H.c., (C8)

where the wave vectors of the probe pulses are �kp (p =
a, b, c), �r is the spatial location of the molecule, and �p(t ) is
the Rabi frequency corresponding to the transition |g〉 ↔ |eα

1 〉.
Under the square-pulse approximation, the Hamiltonian of the
system during a probe pulse becomes

V α
p = �pei�kp·�r∣∣eα

1

〉〈
gα
∣∣+ H.c. (C9)

The evolution operator under the influence of the pulse can
be simplified as

U α
p (δtp) = e−iV α

p δtp

=
∞∑

n=0

(−i�pδtp)n

n!

(
ei�kp·�r∣∣eα

1

〉〈
gα
∣∣+ e−i�kp·�r∣∣gα

〉〈
eα

1

∣∣)n
= −i sin(�pδtp)

(
ei�kp·�r∣∣eα

1

〉〈
gα
∣∣+ e−i�kp·�r∣∣gα

〉〈
eα

1

∣∣)
+ cos(�pδtp)

(∣∣eα
1

〉〈
eα

1

∣∣+ ∣∣gα
〉〈

gα
∣∣)

+ ∣∣eα
2

〉〈
eα

2

∣∣+ ∣∣eα
3

〉〈
eα

3

∣∣. (C10)

And thus we have

U α
p (δtp)|gα〉 = cos(�pδtp)|gα〉 − i sin(�pδtp)ei�kp·�r∣∣eα

1

〉
,

U α
p (δtp)
∣∣eα

1

〉 = cos
(
�pδtp
)∣∣eα

1

〉− i sin
(
�pδtp
)
e−i�kp·�r∣∣gα

〉
,

U α
p (δtp)
∣∣eα

2

〉 = ∣∣eα
2

〉
,

U α
p (δtp)
∣∣eα

3

〉 = ∣∣eα
3

〉
. (C11)

In other words, the pulse will induce coherent mixing between
the ground state and the first excited state while leaving the
system unchanged when it is initially in the other excited
states. Considering the pulses are so short that �pδtp 	 1, to
the first-order approximation, Eq. (C11) can be simplified as

U α
p (δtp)|gα〉 = Np

(|gα〉 + βpei�kp·�r∣∣eα
1

〉)
,

U α
p (δtp)
∣∣eα

1

〉 = Np
(∣∣eα

1

〉+ βpe−i�kp·�r∣∣gα
〉)
,

U α
p (δtp)
∣∣eα

2

〉 = ∣∣eα
2

〉
,

U α
p (δtp)
∣∣eα

3

〉 = ∣∣eα
3

〉
, (C12)

where βp = −i�pδtp, Np = (1 + |βp|2)−1/2 is the normaliza-
tion constant.

Correspondingly, the influence of the time-evolution opera-
tors in the quantum simulation U α

QS(τ, 0), U α
QS(T + τ, τ ), and

U α
QS(t + T + τ, T + τ ) on the states can be listed as follows:

U α
QS(τ, 0)|el〉 =

3∑
j=1

a jl

∣∣eα
j

〉
,

U α
QS(τ, 0)|gα〉 = |gα〉,

U α
QS(T + τ, τ )|el〉 =

3∑
j=1

b jl

∣∣eα
j

〉
,

U α
QS(T + τ, τ )|gα〉 = |gα〉,

U α
QS(t + T + τ, T + τ )|el〉 =

3∑
j=1

c jl

∣∣eα
j

〉
,

U α
QS(t + T + τ, T + τ )|gα〉 = |gα〉. (C13)

In the interaction picture, the wave function at the final
stage is given as

|ψα
I (τ, T, t )〉 = U α

QS(t + T + τ, T + τ )U α
cIU

α
QS(T + τ, τ )

× U α
bIU

α
QS(τ, 0)U α

aI

∣∣ψα
0

〉
. (C14)

Setting |ψα
0 〉 = |gα〉 and using Eq. (C13), it can be explicitly

given as

∣∣ψα
I (τ, T, t )

〉 = NaNbNc|gα〉 + Na(Nb − 1)(Nc − 1)βaei�ka·�ra11b11

3∑
j=1

c j1

∣∣eα
j

〉+ Na(Nb − 1)βaei�ka·�ra11

3∑
j=1

b j1

3∑
j′=1

c j′ j

∣∣eα
j′
〉

+ Na(Nc − 1)βaei�ka·�r
3∑

j=1

a j1b1 j

3∑
j′=1

c j′1
∣∣eα

j′
〉+ Naβaei�ka·�r

3∑
j, j′=1

a j1b j′ j

3∑
s=1

cs j′
∣∣eα

s

〉
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+ NaNb(Nc − 1)βbei�kb·�rb11

3∑
j=1

c j1

∣∣eα
j

〉+ NaNbβbei�kb·�r
3∑

j=1

b j1

3∑
j′=1

c j′ j

∣∣eα
j′
〉+ NaNbNcβcei�kc·�r

3∑
j=1

c j1

∣∣eα
j

〉

+ NaNbNcβaβba11ei(�ka−�kb)·�r |gα〉 + Na(Nb − 1)Ncβaβcei(�ka−�kc )·�ra11b11|gα〉

+ NaNcβaβcei(�ka−�kc )·�r
3∑

j=1

a j1b1 j |gα〉 + NaNbNcβcβbei(�kb−�kc )·�rb11|gα〉

+ NaNbNcβaβbβca11ei(�ka−�kb+�kc )·�r
3∑

j=1

c j1

∣∣eα
j

〉
. (C15)

The signal around the transition frequency ω1 is proportional to �Pα = ρα
10(τ, T, t )�μα

01 + c.c., with ρα
10(τ, T, t ) =

〈eα
1 |ψα

I (τ, T, t )〉〈ψα
I (τ, T, t )|gα〉, where〈

eα
1

∣∣ψα
I (τ, T, t )

〉 = Na(Nb − 1)(Nc − 1)βaei�ka·�ra11b11c11 + Na(Nb − 1)βaei�ka·�ra11

∑
j

b j1c1 j

+ Na(Nc − 1)βaei�ka·�r
∑

j

a j1b1 jc11 + Naβaei�ka·�r
∑
j, j′

a j1b j′ jc1 j′ + NaNb(Nc − 1)βbei�kb·�rb11c11

+ NaNbβbei�kb·�r
∑

j

b j1c1 j + NaNbNcβcei�kc·�rc11 + NaNbNcβaβbβca11ei(�ka−�kb+�kc )·�rc11, (C16)

〈
gα
∣∣ψα

I (τ, T, t )
〉 = NaNbNc + NaNbNcβaβba11ei(�ka−�kb)·�r + Na(Nb − 1)Ncβaβcei(�ka−�kc )·�ra11b11

+ NaNcβaβcei(�ka−�kc )·�r
∑

j

a j1b1 j + NaNbNcβcβbei(�kb−�kc )·�rb11. (C17)

Thus, the rephasing signal in the direction −�ka + �kb + �kc reads

ρα
10 = 〈eα

1

∣∣ψα
I (τ, T, t )

〉〈
ψα

I (τ, T, t )
∣∣gα
〉

= ei(−�ka+�kb+�kc )·�r
[
N 2

a N 2
b N 2

c β∗
a β∗

b βca∗
11c11 + N 2

a NbNc(Nb − 1)(Nc − 1)β∗
a βbβ

∗
c a∗

11b∗
11b11c11

+ N 2
a NbNc(Nb − 1)β∗

a βbβ
∗
c a∗

11b∗
11

∑
j

b j1c1 j + N 2
a NbNc(Nc − 1)β∗

a βbβ
∗
c

∑
j

a∗
j1b∗

1 jb11c11

+ N 2
a NbNcβ

∗
a βbβ

∗
c

∑
j

a∗
j1b∗

1 j

∑
j′

b j′1c1 j′

]
, (C18)

while

ρα
01 = 〈gα

∣∣ψα
I (τ, T, t )

〉〈
ψα

I (τ, T, t )
∣∣eα

1

〉 = 0. (C19)

Notice that in the rephasing direction, ρα
01 �= (ρα

10)∗.
The nonrephasing signal in the direction �ka − �kb + �kc reads

ρα
10 = 〈eα

1

∣∣ψα
I (τ, T, t )

〉〈
ψα

I (τ, T, t )
∣∣gα
〉

= ei(�ka−�kb+�kc )·�r
[
N 2

a N 2
b N 2

c βaβbβca11c11 + N 2
a NbNc(Nb − 1)(Nc − 1)βaβ

∗
b β∗

c b∗
11a11b11c11

+ N 2
a NbNc(Nb − 1)βaβ

∗
b β∗

c b∗
11a11

∑
j

b j1c1 j + N 2
a NbNc(Nc − 1)βaβ

∗
b β∗

c b∗
11

∑
j

a j1b1 jc11

+ N 2
a NbNcβaβ

∗
b β∗

c b∗
11

∑
j j′

a j1b j′ jc1 j′

]
, (C20)

while

ρα
01 = 〈gα

∣∣ψα
I (τ, T, t )

〉〈
ψα

I (τ, T, t )
∣∣eα

1

〉 = 0. (C21)

Notice that in the nonrephasing direction, ρα
01 �= (ρα

10)∗.
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Up to the third order, we can obtain the polarization for the rephasing signal as

Pα
rp(t, T, τ ) = N 2

a N 2
b N 2

c β∗
a β∗

b βca∗
11c11 + N 2

a NbNcβ
∗
a βbβ

∗
c

∑
j

a∗
j1b∗

1 j

∑
j′

b j′1c1 j′ , (C22)

where the first term corresponds to the ground-state bleaching and the second term corresponds to the stimulated emission in the
double-sided Feynman diagram, as shown in Fig. 2(a). The polarization for the nonrephasing signal is given as

Pα
nr (t, T, τ ) = N 2

a N 2
b N 2

c βaβbβca11c11 + N 2
a NbNcβaβ

∗
b β∗

c b∗
11

∑
j, j′

a j1b j′ jc1 j′ , (C23)

where the first term corresponds to the ground-state bleaching
and the second term corresponds to the stimulated emission in
the double-sided Feynman diagram, as shown in Fig. 2(b).

The 2DS is obtained by double Fourier transforms of the
time-domain signal with respect to τ and t , i.e.,

P̃α
rp(ωt , T, ωτ ) ≡ Re

(
Fτ

{
Ft
[
Pα

rp(t, T, τ )
]})

,

P̃α
nr (ωt , T, ωτ ) ≡ Re

(
Fτ

{
Ft
[
Pα

nr (t, T, τ )
]})

. (C24)

We utilize the BET to simulate the 2DS in the rephasing
direction as shown in Fig. 7. Based on the obtained center line,
we can numerically fit the CLS with an exponential function
by the least-squares fitting as shown in Fig. 8(a). We further
compare CLSωt , CLSωτ

, and their average CLSavg with the
TCF in Fig. 8(b). We may find that although these three CLSs
coincide and decay with time, their decay rate is significantly
slower than that of the TCF. Then, we utilize the BET to
simulate the 2DS in the nonrephasing direction as shown in
Fig. 9. Based on the obtained center line, we can numeri-
cally fit the center line by the least-squares fitting as shown
in Fig. 10(a). Surprisingly, the three CLSs are negative, and
they all decrease at the first stage while they rise afterwards.
Therefore, it is not reasonable to fit the CLS by an exponential
function. And thus it may not be utilized to obtain the TCF of
the bath.

As shown in Figs. 7–10, the TCF cannot be directly ob-
tained from the CLS extracted by the 2DS in either the
rephasing or nonrephasing direction. However, as illustrated
in Sec. IV, in the absorptive spectrum obtained by combining

(�s)

FIG. 11. Comparison between Csim(t ) by the BET and the preset
TCF C(t ). The parameters are the same as those in Fig. 4.

the signals from both directions, the TCF extracted using the
CLS method agrees quite well with the preset TCF.

APPENDIX D: CONVERGENCE OF BET

To simulate the TCF of an exponential form as

C(t ) = �2e−|t |/τc , (D1)

we use

Csim(t ) = 〈B(t )B(0)〉 = A2

2

nc∑
n=1

ω2
n[F (ωn)]2 cos(ωt ), (D2)

where

[F (ωn)]2 = 4ω0�
2τc

πω2
n

(
1 + ω2

nτ
2
c

) . (D3)

The comparison between Csim(t ) and the TCF C(t ) is shown
in Fig. 11. As we can see, Csim(t ) perfectly reproduces C(t ).

In Fig. 12, we investigate the convergence of Csim(t ) with
respect to the ensemble size N . As shown, when the ensem-
ble is small, e.g., N = 60, Csim(t ) fluctuates around the TCF
C(t ). However, as N increases, e.g., N = 600, the difference
between them becomes smaller. When the ensemble is further
increased, e.g., N = 6000, the difference becomes negligible.

Furthermore, we investigate the time evolution of the wave
function as the size of the ensemble increases in Fig. 13. It
is shown that as N increases, the simulated probability of

(�s)

FIG. 12. Convergence of Csim(t ) with respect to the ensemble
size N . The green, red, and blue solid lines are, respectively, averaged
over an ensemble with N = 60, 600, 6000 samples. The black solid
line is the preset TCF C(t ). The other parameters are the same as in
Fig. 4.
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(�s)

FIG. 13. Population dynamics of |eL
1 〉 with respect to the size of

the ensemble N . We assume the initial state to be |eL
1 〉. The green, red,

and blue solid lines are, respectively, averaged over an ensemble with
N = 60, 600, 6000 samples. The other parameters are the same as
in Fig. 4.

the wave function at the initial state e1 will converge. And
there are coherent oscillations at the early stage which are
followed by a vanishing steady-state value. Therefore, we can
accurately simulate the open quantum dynamics by a finite-
size ensemble when the ensemble is sufficiently large, e.g.,
N = 6000.

In addition, in our numerical simulation, we simulate the
time evolution of the wave function by applying the time-
evolution operators which are divided into small time steps.
Therefore, to choose the appropriate time step when calculat-
ing the chronological integral of the time-evolution operator,
we also verify the convergence of the time evolution with
respect to the time step δt as shown in Fig. 14. It is shown that
as the time step decreases, the results quickly converge and we
can hardly discriminate the difference between δt = 0.02 and
0.01 µs. Therefore, the time step can be reasonably chosen as
δt = 0.02 µs.

APPENDIX E: APPLICATION OF BET
ON DIFFERENT PLATFORMS WITH

DISTINCT ENVIRONMENTAL NOISES

Experimental platforms exhibit distinct capabilities in en-
gineering system-environment interactions and controlling
the spectral characteristics of environmental noise. As long
as a given platform can realize a specific type of system-
environment coupling, e.g., dephasing noise or amplitude-
damping noise, the platform exhibits the potential to simulate
a wide range of system-environment spectral densities.

On the ion-trap platform, it has been theoretically proposed
and experimentally demonstrated that both dephasing and
amplitude-damping noise can be engineered [41,43].

The dephasing and amplitude-damping noises are con-
structed via phase and amplitude modulation of the control
field, respectively. Both take the form of a summation
over discrete frequency components. The dephasing noise

(�s)

�s
�s
�s
�s

FIG. 14. The time evolution of 〈eL
1 |ψ (t )〉 with respect to the time

step δt . We assume the initial state to be |eL
1 〉. The green, red, blue,

and black solid lines are, respectively, the time evolutions with δt =
0.08, 0.04, 0.02, 0.01 µs. The other parameters are the same as in
Fig. 4.

associated with the jth state is

Bd
j (t ) = Aj

nc∑
n=1

ωnF (ωn) cos
(
ωnt + φ( j)

n

)
, (E1)

while the amplitude-damping noise between states i and j is

Ba
i j (t ) = Ai j

nc∑
n=1

F (ωn) cos
(
ωnt + φ(i j)

n

)
, (E2)

where Aj and Ai j are the global scaling factors, F (ω) charac-
terizes the strength of each frequency component, ωn = nω0

is the frequency component with base frequency ω0 and cutoff
frequency ncω0, and φ

( j)
n , φ

(i j)
n are random phases uniformly

distributed in [0, 2π ). The function F (ω) can be determined
from the correspondence between the correlation function of
Bd

j (t ) and Ba
i j (t ) and the TCF of the environment. By choosing

an appropriate base frequency ω0 and the cutoff frequency
ncω0, the spectral density can be accurately simulated.

Since the noise is stochastic, it can also be characterized
by its power spectral density, defined as the Fourier trans-
form of its correlation function, i.e., S(ω) = ∫∞

−∞ dt〈B(t +
τ )B(τ )〉 exp(iωt ), where B(t ) refers to Bd

j (t ) [Ba
i j (t )] for the

dephasing (amplitude-damping) noise. The different forms of
F (ω) for both dephasing and amplitude-damping noises have
been experimentally realized and can be found in Table I
[41,43].

TABLE I. F (ω) for different types of noises with distinct types
of power spectral densities.

Dephasing Amplitude Damping

1/ f 2 1/ f White Ohmic 1/ f 2 1/ f White Ohmic

F (ω) ω−2 ω−3/2 ω−1 ω−1/2 ω−1 ω−1/2 ω0 ω1/2
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On the NMR platform, dephasing noise comes from the
inhomogeneous and nonstatic magnetic field in NMR sys-
tems. The corresponding dephasing noise term is the same
as Eq. (E1). The amplitude-damping noise results from the
amplitude fluctuation of the control field, and can be written
as [44,58]

Ba
i j (t ) = Ai j

nc∑
n=1

F (ωn) sin
(
ωnt + φ(i j)

n

)
. (E3)

The BET has been experimentally implemented in an NMR
system using a chloroform sample [44,58]. Reference [58]
demonstrated the simulation of amplitude-damping noise
with the Ohmic power spectral density. Reference [44]
demonstrated a quantum simulation of dephasing noise with
a Drude-Lorentz spectral density. Subsequently, Ref. [42]
theoretically showed that the same platform can simulate
dephasing noise with various system-environment spectral
densities, including Ohmic, sub-Ohmic, and super-Ohmic
types.
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