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ABSTRACT 

In this work, we study the detection of quantum phase transitions (QPTs) in coherent Ising machines (CIMs) through a spectral 
mapping between the one-dimensional XY spin model and a network of degenerate optical parametric oscillators (DOPOs). 
This exact correspondence reveals that the DOPO spectrum faithfully encodes the critical behavior of anisotropic and isotropic 
XY chains, while a strongly anisotropic regime provides a controlled near-transverse-field-Ising realization, with the energy 
gap closing precisely at the critical point. The ground-state energy density and its derivatives are analyzed, and the resulting 
singularities in magnetic susceptibility accurately pinpoint the quantum critical points of the corresponding spin model. These 
results show that CIMs not only serve as powerful platforms for solving combinatorial optimization problems but also provide a 
versatile tool for probing universal quantum critical phenomena, bridging quantum-spin models and photonic quantum systems. 
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 Introduction 

uantum phase transitions (QPTs) mark fundamental changes
n the ground state of a quantum many-body system, driven
olely by quantum fluctuations at zero temperature. Unlike
lassical phase transitions, which arise from thermal fluctuations,
PTs occur when a control parameter (e.g., magnetic field or
oupling strength) in the system’s Hamiltonian is tuned across a
ritical point, leading to non-analytic behavior in the ground-state
nergy. This abrupt change reflects a reorganization of quantum
orrelations and often accompanies the closing of the energy
ap in the thermodynamic limit [ 1, 2 ]. The study of QPTs not
nly illuminates the deep structure of quantum matter [ 3–8 ]
ut also bridges seemingly disparate fields such as condensed
atter physics [ 9–13 ], quantum information science [ 14–17 ], and
ritical phenomena [ 18–21 ]. In particular, the enhanced quantum
luctuations and long-range entanglement near critical points
2026 Wiley-VCH GmbH 
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offer novel mechanisms for quantum sensing [ 22–26 ], topological
materials [ 27–29 ], and the engineering of exotic phases of mat-
ter [ 30–32 ]. As such, QPTs serve as both a theoretical cornerstone
and a practical frontier in the exploration of strongly correlated
quantum systems. 

Building upon the theoretical framework of QPTs, the one-
dimensional XY model provides an analytically accessible yet
physically rich platform for exploring quantum critical phenom-
ena [ 33–40 ]. The model captures essential features of quantum
magnetism, such as competition between exchange interactions
and external fields, while remaining exactly solvable. This solv-
ability therefore enables the precise identification of quantum
critical points, which are characterized by the closing of the
energy gap and the emergence of universal scaling behavior. This
universality likewise makes it a useful model for investigating
quantum battery [ 41, 42 ] and quantum discord [ 43–45 ]. 
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xperimentally, the quantum critical phenomena of the XY
odel can be accessed through the coherent Ising machine
CIM), which bridges its theoretical description with a tunable
hysical implementation. At its core, a CIM employs degener-
te optical parametric oscillators (DOPOs) to simulate qubits,
nabling efficient computation of the ground state. When the
ump intensity surpasses the bifurcation threshold, the system
ndergoes a collective spontaneous symmetry breaking, driving
t from the normal phase to the superradiant phase [ 46, 47 ].
riginally harnessed for solving Ising-based optimization prob-
ems [ 48–52 ], the nonlinear and collective dynamics of DOPO
etworks have since established CIMs as versatile simulators for
uantum many-body phenomena, including phase transitions
 53–56 ]. Beyond physics simulation, they are also used in many
ields such as chemical synthesis [ 57, 58 ] and biology [ 59 ].
ecent experimental progress has also strengthened the practical
asis for scalable and stable CIM. In particular, Wei et al.
emonstrated a femtosecond-pumped CIM platform with stable
peration over 8 h while solving a 100-vertex Möbius-ladder
nstance [ 60 ]. Such advances provide an important experimental
oundation for future tests of the tunable DOPO-network protocol
roposed here. 

ollowing this introduction, the paper is organized as follows.
n Section 2 , we introduce the XY spin model and the DOPO
etwork, and establish the spectral mapping between them. In
ection 3 , we present numerical results for the ground-state
nergy density and its derivatives, and discuss the simulated
uantum critical phenomena. We conclude in Section 4 and
rovide an outlook on future directions. 

 Model 

.1 XY Model 

he XY model represents a fundamental quantum spin sys-
em that exhibits rich critical behavior [ 1 ]. With ℏ = 1 , the
amiltonian for this model is given by 

𝐻XY = −
𝑁 ∑
𝑖= 1 

(
𝐽𝑥 𝜎

𝑥 
𝑖 
𝜎𝑥 
𝑖+ 1 + 𝐽𝑦 𝜎

𝑦 

𝑖 
𝜎
𝑦 

𝑖+ 1 
)
− ℎ

𝑁 ∑
𝑖= 1 

𝜎𝑧 
𝑖 
, (1)

here 𝐽𝑥 ( 𝐽𝑦 ) denote the coupling strength along the 𝑥 ( 𝑦)
irection, ℎ represents the transverse field, and 𝜎𝛼

𝑖 
( 𝛼 = 𝑥, 𝑦, 𝑧)

re the Pauli matrices. 

o analyze this system, we first employ the Jordan–Wigner
ransformation [ 1 ] to map the spin operators to the fermionic
perators as 

𝜎+ 
𝑖 
= 𝑐†

𝑖 
𝑒
𝑖𝜋

∑𝑖− 1 
𝑗= 1 𝑐

†
𝑗 
𝑐𝑗 , 

𝜎− 
𝑖 
= 𝑐𝑖 𝑒

− 𝑖𝜋
∑𝑖− 1 
𝑗= 1 𝑐

†
𝑗 
𝑐𝑗 , 

𝜎𝑧 
𝑖 
= 2 𝑐†

𝑖 
𝑐𝑖 − 1 . 

(2)

ere 𝜎+ 
𝑖 
and 𝜎− 

𝑖 
denote the raising and lowering operators

or the 𝑖th spin, defined as 𝜎± 
𝑖 
= ( 𝜎𝑥 

𝑖 
± 𝑖𝜎

𝑦 

𝑖 
)∕2 . 𝑐†

𝑖 
( 𝑐𝑖 ) is the

ermionic creation (annihilation) operator satisfying { 𝑐𝑖 , 𝑐
†

𝑗 
} = 𝛿𝑖𝑗 .
of 11
Transforming to momentum space under periodic boundary con-
ditions, with 𝑐𝑖 =

∑
𝑘 
𝑒𝑖𝑘𝑥𝑖 𝑐𝑘 ∕

√
𝑁 and 𝑘 = 2 𝜋𝑚∕𝑁 ( 𝑚 = − 𝑁∕2 +

1 , . . . , 𝑁∕2 ), the Hamiltonian becomes 

𝐻′
XY = −

∑
𝑘 

{
𝑖( 𝐽𝑥 − 𝐽𝑦 ) sin 𝑘( 𝑐

†

𝑘 
𝑐†− 𝑘 + 𝑐𝑘 𝑐− 𝑘 ) 

− 2[( 𝐽𝑥 + 𝐽𝑦 ) cos 𝑘 + ℎ] 𝑐†
𝑘 
𝑐𝑘 
}
+ ℎ𝑁. (3)

After performing the Bogoliubov transformation [ 1 ], we can
diagonalize the Hamiltonian as 

𝐻
′

XY =
∑
𝑘 

𝐸XY 
𝑘 
𝛾†
𝑘 
𝛾𝑘 + 𝐸XY 

0 , (4)

in which 𝛾†
𝑘 
( 𝛾𝑘 ) represent the Bogoliubov quasiparticle creation

(annihilation) operators. The corresponding energy spectrum
and ground-state energy are 

𝐸XY 
𝑘 
=2

√ 

[ ℎ + ( 𝐽𝑥 + 𝐽𝑦 ) cos 𝑘]2 + [( 𝐽𝑥 − 𝐽𝑦 ) sin 𝑘]2 , 

𝐸XY 
0 =−

1 

2 

∑
𝑘 

𝐸XY 
𝑘 
, 

(5)

respectively. 

In the thermodynamic limit, i.e., 𝑁 → ∞, the energy density of
the ground state becomes 

𝑒XY 𝑔 = lim 

𝑁→∞

𝐸XY 
0 

𝑁 

= − 1 

2 𝜋 ∫
𝜋

0 

𝐸XY 
𝑘 
𝑑𝑘. (6)

The critical points where the QPT occurs can be identified by
examining the closure of the energy gap, i.e., min 𝑘 ( 𝐸𝑋𝑌 

𝑘 
) = 0 . This

leads to the conditions, i.e., 

ℎ + ( 𝐽𝑥 + 𝐽𝑦 ) cos 𝑘 = 0 , 

( 𝐽𝑥 − 𝐽𝑦 ) sin 𝑘 = 0 , 
(7)

which should be satisfied simultaneously. This analysis reveals
several important cases. For the isotropic XY model, i.e., 𝐽𝑥 = 𝐽𝑦 =
𝐽, the condition shown in Equation ( 7 ) is simplified as 

ℎ + 2 𝐽 cos 𝑘 = 0 . (8)

The critical points occur at ℎ𝑐 = ± 2 𝐽, as cos 𝑘 ∈ [ − 1 , 1] , where
the system enters the fully 𝑧-polarized paramagnetic phase.
This symmetric behavior reflects the rotational invariance of the
isotropic model. In the general case with anisotropic couplings,
i.e., 𝐽𝑥 ≠ 𝐽𝑦 , the condition shown in Equation ( 7 ) requires sin 𝑘 =
0 , namely, 𝑘 = 0 or 𝑘 = 𝜋, leading to the critical fields as 

ℎ𝑐 = − ( 𝐽𝑥 + 𝐽𝑦 ) , for 𝑘 = 0 , 

ℎ𝑐 = 𝐽𝑥 + 𝐽𝑦 , for 𝑘 = 𝜋. (9)

The critical behavior thus depends on the sum of the two coupling
constants. The TFI model is an important special case, i.e., 𝐽𝑦 = 0

and 𝐽𝑥 = 𝐽 > 0 , which yields 

ℎ𝑐 = − 𝐽, for 𝑘 = 0 , 
Advanced Quantum Technologies, 2026
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FIGURE 1 (a) Schematic representation of a DOPO, a key compo- 
nent for constructing a CIM. (b) Simplified phase-space illustration of 
a DOPO showing the vacuum state below the threshold and the two 
coherent states with phases 0 and 𝜋 above the threshold. 

 

F  

f  

Q  

ℎ  

𝑘  

a  

a  

t  

p  

a

2

I  

a  

t
a  

c  

i  

H

 

w

 

 

H  

t  

c  

i  

a  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A

 25119044, 2026, 9, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/qute.70428 by B

eijing N
orm

al U
niversity, W

iley O
nline L

ibrary on [02/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reat
ℎ𝑐 = 𝐽, for 𝑘 = 𝜋. (10)

or simplicity, we adopt the convention of a positive transverse
ield ℎ > 0 throughout this work. Under this convention, the
PT driven by increasing ℎ from zero occurs at the critical field
𝑐 = 𝐽𝑥 + 𝐽𝑦 , which corresponds to the gap closing at momentum
 = 𝜋 as given in Equation ( 9 ). This marks the transition from
 ferromagnetically ordered phase to a paramagnetic phase. The
lternative critical point ℎ𝑐 = − ( 𝐽𝑥 + 𝐽𝑦 ) for 𝑘 = 0 corresponds
o a negative transverse field; it is physically equivalent to the
ositive-field case under a global spin rotation (e.g., a 𝜋 rotation
round the 𝑥-axis flips the sign of ℎ). 

.2 Network of 𝑵-DOPOs 

n an OPO with second-order nonlinear effects, a pump field
t frequency 𝜔𝑝 undergoes parametric down-conversion within
he nonlinear medium, yielding a signal field with frequency 𝜔𝑠 

nd an idler field with frequency 𝜔𝑖 . In the degenerate regime
onsidered in this work, the signal and idler frequencies are
dentical, i.e., 𝜔𝑠 = 𝜔𝑖 = 𝜔𝑝 ∕2 . As illustrated in Figure 1a , the
amiltonian of the system can be expressed as 

𝐻D = 𝐻0 + 𝐻int , (11)

here 

𝐻0 = 𝜔𝑠 𝑎
†
𝑠 𝑎𝑠 + 𝜔𝑝 𝑎

†
𝑝 𝑎𝑝 , (12)

𝐻int = 𝑖
𝜅

2 
𝑎†2 𝑠 𝑎𝑝 + 𝑖𝜀 𝑎†𝑝 𝑒

− 𝑖𝜔𝑝 𝑡 +H.c. (13)

ere 𝑎†𝑠 ( 𝑎𝑠 ) and 𝑎
†
𝑝 ( 𝑎𝑝 ) are the creation (annihilation) opera-

ors for the signal and pump fields, respectively. The coupling
onstant 𝜅 quantifies the strength of the second-order nonlinear
nteraction, and 𝜀 is the amplitude of the external coherent drive
pplied to the pump mode. When there is a detuning Δ = 𝜔𝑠 −
dvanced Quantum Technologies, 2026
( 𝜔𝑝 ∕2) between the signal and the pump fields, with respect to
the free Hamiltonian 

𝐻𝑓 =
𝜔𝑝 

2 
𝑎†𝑠 𝑎𝑠 + 𝜔𝑝 𝑎

†
𝑝 𝑎𝑝 , (14)

the Hamiltonians are transformed to the interaction picture as 

𝐻′
0 = Δ𝑎†𝑠 𝑎𝑠 , (15)

𝐻′
int = 𝑖

𝜅

2 
𝑎†2 𝑠 𝑎𝑝 + 𝑖𝜀 𝑎†𝑝 +H.c. (16)

Following the Heisenberg–Langevin approach [ 61 ], the temporal
evolution of the pump field is described by 

𝑑𝑎𝑝 

𝑑𝑡 
= − 𝛾𝑝 𝑎𝑝 + 𝜀 − 𝜅

2 
𝑎2 𝑠 , (17)

where 𝛾𝑝 represents the decay rate of the pump mode. Assuming
the pump field reaches its steady state rapidly, we adiabatically
eliminate it to obtain an effective Hamiltonian for the signal mode
as 

𝐻D = Δ𝑎†𝑎 + 𝑖
𝜅𝜀 

2 𝛾𝑝 
𝑎†2 +H.c. (18)

Hereafter, we omit the subscript 𝑠 for the signal field for simplic-
ity. 

Extending this description to 𝑁 nearest-neighbor-coupled
DOPOs yields the generalized Hamiltonian 

𝐻ND = 

𝑁 ∑
𝑖= 1 

Δ𝑎†
𝑖 
𝑎𝑖 +

𝑁 ∑
𝑖= 1 

( 

𝑖
𝜅𝜀 

2 𝛾𝑝 
𝑎†2 
𝑖 
− 𝐽𝑎†

𝑖 
𝑎𝑖+ 1 

) 

+H.c. , (19)

where 𝑎†
𝑖 
( 𝑎𝑖 ) is the creation (annihilation) operator for the 𝑖th

DOPO, and 𝐽 quantifies the coupling strength between two adja-
cent DOPOs. To diagonalize 𝐻ND , we first move to momentum
space via a Fourier transformation, which brings the Hamiltonian
into the form 

𝐻
′

ND =
∑
𝑘 

( 

𝜖𝑘 𝑎
†

𝑘 
𝑎𝑘 + 𝑖

𝜅𝜀 

2 𝛾𝑝 
𝑎†
𝑘 
𝑎†− 𝑘 +H.c. 

) 

, (20)

where we have defined 𝜖𝑘 = Δ − 2 𝐽 cos 𝑘 for brevity. A subsequent
Bogoliubov transformation 

𝑏𝑘 = 𝑎𝑘 cosh 𝑟𝑘 + 𝑎†− 𝑘 𝑒
𝑖𝜃 sinh 𝑟𝑘 (21)

is then applied, where the parameters are chosen as tanh (2 𝑟𝑘 ) =|𝜅𝜀 |∕( 𝛾𝑝 𝜖𝑘 ) and 𝜃 = arg ( 𝜅𝜀 ) + 𝜋∕2 to remove off-diagonal terms.
The resulting diagonal Hamiltonian is 

𝐻
′

ND =
∑
𝑘 

Ω𝑘 𝑏
†

𝑘 
𝑏𝑘 +

1 

2 

∑
𝑘 

( Ω𝑘 − 𝜖𝑘 ) , (22)

where the quasiparticle energy spectrum reads 

Ω𝑘 =

√ √ √ √ 

𝜖2 
𝑘 
−
|||||
𝜅𝜀 

𝛾𝑝 

|||||
2 

, (23)
3 of 11
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nd the second sum corresponds to the zero-point energy contri-
ution. 

n this framework, the DOPO network exhibits a QPT from a
ormal phase (vacuum state) to a symmetry-broken phase (coher-
nt state) when the pump intensity exceeds the threshold, as
hown in Figure 1b . Although the intrinsic threshold transition of
 DOPO involves a ℤ2 symmetry breaking that is mathematically
eminiscent of magnetic ordering, it is distinct from the XY-model
uantum criticality considered below. In our scheme, the CIM is
perated in its above-threshold regime, while the critical behavior
f the XY model is encoded through the engineered spectrum of
he DOPO network. 

.3 Energy-Spectrum Matching 

e now present a rigorous mapping between the energy spectra
f the XY model and that of the 𝑁-DOPO network. Defining
𝑠 = 𝐽𝑥 + 𝐽𝑦 , 𝐽𝑑 = 𝐽𝑥 − 𝐽𝑦 , and 𝐷 = |||𝜅𝜀 ∕𝛾𝑝 |||, the squared energy
pectrum of the XY model is given by 

( 𝐸XY 
𝑘 
)2 = 4( ℎ2 + 𝐽2 

𝑑 
) + 8 𝐽𝑠 ℎ cos 𝑘 + 16 𝐽𝑥 𝐽𝑦 cos 

2 𝑘. (24)

eanwhile, the squared energy spectrum of the DOPO network
eads 

Ω2 
𝑘 
= Δ2 − 𝐷2 − 4Δ𝐽 cos 𝑘 + 4 𝐽2 cos 2 𝑘. (25)

equiring the two spectra to coincide for all 𝑘, we obtain the exact
apping 

𝐽 = 2
√ 

𝐽𝑥 𝐽𝑦 , 

Δ = −
ℎ𝐽𝑠 √
𝐽𝑥 𝐽𝑦 

, 

𝐷2 = 𝐽2 
𝑑 

( 

ℎ2 

𝐽𝑥 𝐽𝑦 
− 4

) 

. 

(26)

hrough this transformation, the critical behavior of the XY
odel can be faithfully studied in the DOPO network. For
he anisotropic case 𝐽𝑥 ≠ 𝐽𝑦 , it requires 𝐷2 ≥ 0 . For a positive
ransverse field ℎ > 0 , this condition yields 

ℎ ≥ ℎmin = 2
√ 

𝐽𝑥 𝐽𝑦 . (27)

herefore, the present DOPO mapping does not cover the regime
rom ℎ = 0 to ℎmin . Instead, it provides an exact spectral realiza-
ion in an experimentally-accessible regime from a field slightly
ower than the critical point to a strong field. Importantly, the
uantum critical point always lies within the accessible domain
ecause 

ℎ𝑐 = 𝐽𝑥 + 𝐽𝑦 ≥ 2
√ 

𝐽𝑥 𝐽𝑦 = ℎmin . (28)

hus, the closing of the energy gap can always be captured
y the proposed DOPO network. For the near-TFI example
dopted in the original manuscript, i.e., 𝐽𝑥 = 1 and 𝐽𝑦 = 0 . 01 ,
ne obtains ℎmin = 0 . 2 < ℎ𝑐 = 1 . 01 , which shows that the critical
of 11
point, together with two phases on both its sides, remains accessi-
ble. Nevertheless, the deep in the ferromagnetically ordered phase
along 𝑥 direction, i.e., 0 ≤ ℎ < ℎmin , can not be directly observed
by the present mapping. In the thermodynamic limit, the energy
density satisfies 

𝑒D 𝑔 = − 𝑒XY 𝑔 +
ℎ𝐽𝑠 

2
√
𝐽𝑥 𝐽𝑦 

. (29)

This relationship implies that the non-analyticities in the ground-
state energy of the XY model, which characterize the QPT, are
directly inherited by the DOPO network, albeit with a linear shift
and scaling. 

We next clarify whether the parameter variation required by the
spectral mapping can drive an intrinsic dissipative bifurcation
of the DOPO network. In a realistic optical system, the signal
mode has a nonvanishing decay rate 𝛾𝑠 . For each 𝑘-mode in
Equation ( 20 ), the equation of motion can be written as 

𝑑 

𝑑𝑡 

( 

𝑎𝑘 
𝑎†− 𝑘 

) 

=
( 

− 𝛾𝑠 − 𝑖𝜀𝑘 𝐷 

𝐷 − 𝛾𝑠 + 𝑖𝜀𝑘 

) ( 

𝑎𝑘 
𝑎†− 𝑘 

) 

. (30)

The eigenvalues of the drift matrix are 

𝜆𝑘, ± = − 𝛾𝑠 ±
√ 

𝐷2 − 𝜖2 
𝑘 
. (31)

Consequently, throughout the entire accessible mapping param-
eter regime, the drift eigenvalues can be written as 𝜆𝑘, ± = − 𝛾𝑠 ±
𝑖Ω𝑘 and hence Re λk , ± = − γs < 0 . Therefore, no drift eigenvalue
crosses the imaginary axis and no additional steady-state branch
emerges as the mapped parameters are varied. The DOPO
network therefore remains within the same dynamically stable
degenerate parametric regime. At the critical point of the mapped
XY model, the 𝑘 = 𝜋 mode satisfies Ω𝜋 = 0 . Nevertheless, the
corresponding drift eigenvalues remain 

𝜆𝜋, + = 𝜆𝜋, − = − 𝛾𝑠 < 0 , (32)

so the mapped gap-closing condition does not represent a dissi-
pative instability of the DOPO network. The actual parametric-
oscillation threshold would instead be determined by 𝜆𝑘, + = 0 ,
which gives 

𝐷2 = 𝜖2 
𝑘 
+ 𝛾2 𝑠 . (33)

This threshold is never reached along the mapped parameter
regime because 

𝜖2 
𝑘 
+ 𝛾2 𝑠 − 𝐷2 = Ω2 

𝑘 
+ 𝛾2 𝑠 > 0 . (34)

In particular, even at Ω𝜋 = 0 , the system remains distinguished
from the threshold of the DOPO by the nonvanishing 𝛾2 𝑠 . This
situation is fundamentally different from the detuning-induced
spectral phase transition reported for optical parametric oscil-
lators in Refs. [ 62, 63 ]. In that work, tuning the cavity phase
detuning Δ𝜙 changes the oscillation selected by the OPO from
a degenerate regime, in which the signal and idler overlap at the
half-harmonic frequency 𝜔0 , to a non-degenerate regime with two
distinct frequency branches 𝜔0 ± 𝛿𝜔. The square-root splitting
Advanced Quantum Technologies, 2026
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f these branches therefore represents a transition between two
pectral regimes of the OPO itself. 

y contrast, the DOPOs considered in the present mapping
emain in the degenerate parametric configuration through-
ut the mapped parameter trajectory. Varying the mapped
etuning Δ, together with the parametric amplitude 𝐷 accord-
ng to Equation ( 26 ), does not produce signal–idler frequency
plitting, steady-state branch switching, or a transition into a
on-degenerate OPO regime. Moreover, the momentum 𝑘 in
ur model labels a spatial normal mode of the coupled-DOPO
etwork, rather than the optical signal–idler frequency offset 𝛿𝜔
onsidered in Ref. [ 62 ]. Therefore, Ω𝜋 = 0 describes the softening
f the mapped 𝑘 = 𝜋 network mode and not a degenerate-to-
ondegenerate transition of the optical system. 

aving established that the mapped parameter regime does not
ross the dissipative bifurcation threshold, we next examine how
inite loss modifies the experimentally observable signature of
he mapped XY critical point. Although the DOPO network
emains within the same stable regime, the decay rate 𝛾𝑠 changes
he real-valued Bogoliubov frequencies into complex response
oles and provides a finite linewidth. After performing a Fourier
ransformation, i.e., 𝑎𝑘 ( 𝑡) = ∫ 𝑑𝜔 

2 𝜋
𝑎𝑘 ( 𝜔) 𝑒

− 𝑖𝜔𝑡 , the corresponding
esponse function [ 64 ] is 

𝜒𝑘 ( 𝜔) =
1 

( 𝛾𝑠 − 𝑖𝜔) 
2 + Ω2 

𝑘 

( 

𝛾𝑠 − 𝑖( 𝜔 + 𝜀𝑘 ) 𝐷 

𝐷 𝛾𝑠 − 𝑖( 𝜔 − 𝜀𝑘 ) 

) 

. (35)

hus, the ideal gap closing of the mapped XY model appears in
he dissipative DOPO as a softening of the response pole, while
he finite decay rate 𝛾𝑠 provides a linewidth. In particular, at the
ritical momentum 𝑘 = 𝜋 and at zero frequency, the soft-mode
esponse can be characterized by 

𝑅𝜋(0) ∝
1 

𝛾2 𝑠 + Ω2 
𝜋

. (36)

herefore, the divergence expected in the closed XY model is
ounded into a finite response peak in the dissipative DOPO
ystem. The peak height and width are controlled by 𝛾𝑠 , while
he peak position still identifies the mapped XY critical point
hrough Ω𝜋 = 0 . In this case, a broadened spectral functional can
e written as 

𝑒D 𝑔 = − 1 

2 𝜋 ∫
𝜋

0 

√ 

Ω2 
𝑘 
+ 𝛾2 𝑠 𝑑𝑘. (37)

ts second derivative provides a convenient measure of the dissi-
atively broadened susceptibility, rather than a thermodynamic
round-state susceptibility of the DOPO system itself. The phase
ssignment is made by first using the mapping relation, i.e.,
quation ( 26 ), to reconstruct the effective transverse field of the
orresponding XY model, 

ℎeff = − Δ

√
𝐽𝑥 𝐽𝑦 

𝐽𝑥 + 𝐽𝑦 
. (38)

hen ℎeff is compared with the critical point ℎ𝑐 . For ℎeff < ℎ𝑐 , the
apped closed XY model lies on the ordered side. For ℎeff > ℎ𝑐 , it
ies in the paramagnetic phase, and the critical point is identified
dvanced Quantum Technologies, 2026

i

by ℎeff = ℎ𝑐 , which coincides with the soft-mode condition Ω𝜋 =
0 . 

3 Results and Discussion 

As illustrated in Figure 2 , we consider three quantum spin-
chain models: the anisotropic XY model with parameters 𝐽𝑥 = 2

and 𝐽𝑦 = 1 , the isotropic XY model with 𝐽𝑥 = 𝐽𝑦 = 1 , and the
TFI model with 𝐽𝑥 = 1 and 𝐽𝑦 = 0 . The anisotropic XY and
TFI models exhibit Ising-type second-order QPT driven by the
transverse field. The isotropic XY model represents the 𝑈(1) -
symmetric limit, where the spectrum is gapless for |ℎ| ≤ 2 𝐽 and
the positive-field boundary ℎ𝑐 = 2 𝐽 marks the transition into the
fully polarized paramagnetic phase. In the thermodynamic limit,
the TFI model and the anisotropic XY model with 𝐽𝑥 > 𝐽𝑦 possess
a symmetry-broken ordered phase at small ℎ, characterized by a
nonzero 𝑥-direction order parameter 𝑚𝑥 . In contrast, the isotropic
XY model has a 𝑈(1) spin-rotation symmetry about the 𝑧 axis
and forms a gapless critical phase for |ℎ| < 2 𝐽, with 𝑚𝑧 = 0 at
ℎ = 0 . As ℎ increases from zero, the ground-state energy density
𝑒XY 𝑔 and the longitudinal magnetization 𝑚XY 

𝑧 evolve continuously.
At the critical field strength ℎ𝑐 = 𝐽𝑥 + 𝐽𝑦 , each system undergoes
a QPT into a paramagnetic phase, where the spins become
predominantly aligned along the field direction. For ℎ > ℎ𝑐 , the
longitudinal magnetization 𝑚𝑧 increases monotonically toward
its saturation value of + 1 , whereas the transverse components
𝑚𝑥 and 𝑚𝑦 are suppressed to zero. The magnetic susceptibility
𝜒XY displays a divergence near ℎ𝑐 , directly signaling the critical
point. For the isotropic XY model in the paramagnetic phase,
the first derivative of the ground-state energy density remains
constant, leading to a vanishing second derivative. This accounts
for the disappearance of its corresponding curve beyond ℎ𝑐 in the
logarithmic-scale plot of Figure 2c . Collectively, this systematic
analysis provides a clear physical interpretation and numerical
verification for the simulation of quantum critical phenomena
using a CIM. 

The simulated ground-state properties of the DOPO network are
presented in Figure 3 . The three columns correspond to different
regimes of the XY model mapped onto the optical system. The left
column, with parameters 𝐽 = 2

√
2 and Δ = − 3 ℎ∕

√
2 , represents

the anisotropic XY model. The middle column, with 𝐽 = 2 , Δ =
− 2 ℎ, and 𝐷 = 0 , corresponds to the isotropic XY model. The right
column approximates the TFI limit using a strongly anisotropic
XY model with 𝐽𝑦 ≪ 𝐽𝑥 . For concreteness, taking 𝐽𝑥 = 1 and 𝐽𝑦 =
0 . 01 , the mapping in Equation ( 26 ) gives 𝐽 = 0 . 2 and Δ = − 10 . 1 ℎ.
For finite 𝐽𝑦 > 0 , the mapping guarantees an exact equality Ω𝑘 =
𝐸𝑋𝑌 
𝑘 

for the corresponding anisotropic XY chain. Therefore, in
the anisotropic and isotropic cases the gap closing of the XY
model is exactly mapped onto the spectrum of the DOPO. In
the right column, 𝐽𝑦 = 0 . 01 gives a realization of the quasi-TFI,
whose convergence toward the strict TFI spectrum is analyzed
below in Figure 4 . The vertical dashed line in the figure marks
Δ𝑐 = − 2 𝐽 − 𝐷, which corresponds precisely to this critical point
and manifests as a divergence of the susceptibility 𝜒D . It is worth
noting that, under the mapping, both Δ and 𝐷 vary together with
ℎ, and the system always satisfies 𝜖2 

𝑘 
≥ 𝐷2 . Even at Δ𝑐 , where

the gap closes, the system merely touches the phase boundary.
The middle column, corresponding to the isotropic limit 𝐽𝑥 =
𝐽𝑦 , is a limiting case of the mapping with 𝐷 = 0 . In this limit
5 of 11
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FIGURE 2 Numerical results for three quantum-spin-chain models under an external field ℎ: (a) Ground-state energy density 𝑒XY 𝑔 , (b) 
magnetization 𝑚XY 

𝑧 = − 𝜕 𝑒XY 𝑔 ∕𝜕 ℎ, and (c) magnetic susceptibility 𝜒XY = − 𝜕2 𝑒XY 𝑔 ∕𝜕 ℎ
2 . Note that sub-figure (c) uses a logarithmic scale. The curves 

correspond to the anisotropic XY model ( 𝐽𝑥 = 2 , 𝐽𝑦 = 1 , blue solid line), the isotropic XY model ( 𝐽𝑥 = 𝐽𝑦 = 1 , green dash-dotted line), and the 
transverse-field Ising model ( 𝐽𝑥 = 1 , 𝐽𝑦 = 0 , red dashed line). The vertical dotted lines mark the calculated critical fields ℎ𝑐 for each model. 

FIGURE 3 The spectral signatures of the mapped XY critical points in the representation of the DOPO network. Columns show DOPO parameter 
regimes: (left) 𝐽 = 2

√
2 , Δ = − 3 ℎ∕

√
2 ; (middle) 𝐽 = 2 , Δ = − 2 ℎ; (right) 𝐽 = 0 . 2 , Δ = − 10 . 1 ℎ. These correspond to anisotropic XY, isotropic XY, and near- 

TFI spin chains, respectively. From top to bottom, the panels display: (a–c) the ground-state energy density 𝑒D 𝑔 ; (d–f) the longitudinal magnetization 
𝑚D 
𝑧 ; and (g–i) the magnetic susceptibility 𝜒D . Each panel features dual horizontal axes: the upper axis shows the DOPO detuning parameter Δ, and the 

lower axis shows the corresponding transverse field ℎ in the XY model. Vertical dashed lines indicate the critical points at Δ𝑐 = − 2 𝐽 − 𝐷. In addition, 
the gray-shaded regions denote the field interval 0 < ℎ < ℎmin = 2

√
𝐽𝑥 𝐽𝑦 , where 𝐷2 

< 0 and the present finite-parameter DOPO mapping admits no real 
parametric-drive amplitude. The shading therefore marks an optically inaccessible region of the mapping, rather than an absent phase of the XY model. 
For the isotropic case 𝐽𝑥 = 𝐽𝑦 , 𝐷 = 0 and no such restriction arises. 

6 of 11 Advanced Quantum Technologies, 2026
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FIGURE 4 Energy-spectrum correspondence between the DOPO network and the XY-family spin models. (a) Exact spectral matching between the 
DOPO quasiparticle spectra and the corresponding anisotropic XY, isotropic XY, and TFI spin-chain spectra at the critical point, i.e., ℎ = 𝐽𝑥 + 𝐽𝑦 . For the 
anisotropic XY model, the parameters are 𝐽𝑥 = 2 , 𝐽𝑦 = 1 , while the corresponding parameters for the DOPO are 𝐽 = 2

√
2 , Δ = − 9∕

√
2 and 𝐷2 = 0 . 45 . For 

the isotropic XY model, the parameters are 𝐽𝑥 = 1 and 𝐽𝑦 = 1 , while the corresponding parameters for the DOPO are 𝐽 = 2 , Δ = − 6 and 𝐷2 = 0 . For the 
TFI model, the parameters are 𝐽𝑥 = 1 and 𝐽𝑦 = 0 , while the corresponding parameters for the DOPO are 𝐽 = 0 . 2 ( 𝐽𝑦 = 0 . 01 ), Δ = − 10 . 1 and 𝐷2 = 96 . 06 . 
For the first two cases, the mapping Ω𝑘 = 𝐸XY 

𝑘 
can be exactly fulfilled. For the TFI model, the energy spectrum of the DOPO is quite close to that of 

the TFI model. (b) The convergence of the DOPO spectrum toward the TFI spectrum as 𝜆opt → 0 . The intrinsic optical ratio 𝜆opt = 2 𝐽∕|Δ𝑐 | is related to 
the XY anisotropy ratio by 𝜆opt = 4 𝜂∕(1 + 𝜂)2 , where 𝜂 = 𝐽𝑦 ∕𝐽𝑥 . Hence, decreasing 𝜆opt from 0.30 to 0.01 corresponds to a systematic reduction of 𝐽𝑦 ∕𝐽𝑥 
and thus to an approach toward the TFI limit. The progressive suppression of the deviation near 𝑘 = 𝜋 and 𝑘 = 0 demonstrates the convergence of the 
quasi-TFI DOPO realization of the exact TFI spectrum. 
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he parametric-amplification term vanishes, and the mapped
pectrum is realized by the linear detuned oscillator network.
hese results demonstrate that the critical point of the XY model
an be located by measuring the susceptibility 𝜒D of the DOPO
etwork, thereby providing a feasible scheme for experimental
tudies of the QPT in the XY model on a CIM platform. 

ecause the strict TFI point 𝐽𝑦 = 0 is singular in the finite-
arameter mapping of the DOPO, the right column of Figure 3
hould be understood as a quasi-TFI realization rather than as an
xact finite-parameter TFI mapping. 

o quantify this approximation, we perform a convergence
nalysis in Figure 4 . As shown in Figure 4a , the spectral mapping
etween the DOPO network and the corresponding XY chain
s almost exact. The issue is therefore not the validity of the
apping at 𝐽𝑦 = 0 . 01 , but rather the convergence of this strongly-
nisotropic XY model toward the exact TFI spectrum with 𝐽𝑦 = 0 .
o show this convergence explicit, we introduce 𝜂 = 𝐽𝑦 ∕𝐽𝑥 and
emonstrate that the parameter used in Figure 4b satisfies 

𝜆opt =
4 𝜂

(1 + 𝜂)2 
(39)

ith 𝜆opt = 2 𝐽∕|Δ𝑐 |, at the critical point. Therefore, decreasing
opt in Figure 4b is equivalent to a systematic reduction of 𝜂.
he progressive convergence of the DOPO spectra toward the
xact TFI spectrum near 𝑘 = 𝜋 and 𝑘 = 0 demonstrates that the
OPO realization of the quasi-TFI continuously approaches the
xact TFI spectrum as 𝜂 → 0 . From an experimental perspective,
he quasi-TFI regime should be understood as a finite-anisotropy
pproximation rather than the singular limit 𝜂 → 0 . Therefore,
pproaching the strict TFI limit increases the required dynamic
ange between the detuning and parametric drive on the one
and and the inter-DOPO coupling on the other. In practice,
he achievable tuning range and the finite linewidth 𝛾𝑠 of the
ignal mode set a lower bound on how small 𝜂 can be made.
dvanced Quantum Technologies, 2026
Therefore, the smallest values of 𝜆opt shown in Figure 4b are
intended to illustrate the asymptotic convergence toward the TFI
limit, rather than to prescribe experimentally-required operat-
ing points. Consequently, a finite anisotropy, such as 𝜂 = 0 . 01 ,
provides a controlled quasi-TFI realization without requiring
access to the singular optical limit. Recent CIM experiments
have demonstrated programmable coupling, pump control, and
long-term cavity stabilization, providing an experimental basis for
exploring such finite quasi-TFI regimes [ 49, 50, 60 ]. 

To further clarify the role of dissipation, we now analyze the
dissipative response of the mapped DOPO network. Figure 5
shows the dissipative-DOPO signatures of the mapped XY-
family spin models. As shown in Figure 5a–c , the broadened
susceptibility 𝜒̃𝐷 exhibits a clear peak when ℎeff approaches
ℎ𝑐 . The same critical point is also identified by the response
in Figure 5d–f . At the critical point of the mapped XY, the
𝑘 = 𝜋 mode satisfies Ω𝜋 = 0 , leading to an enhanced response.
For 𝛾𝑠 = 0 , this expression formally diverges at ℎeff = ℎ𝑐 . In the
plotted curves, this ideal divergence is represented by the sharpest
peak, while finite 𝛾𝑠 broadens it into a finite-height response
peak. 

The comparison between the upper and lower rows of Figure 5
shows that 𝜒̃𝐷 and 𝑅𝜋(0) locate the same critical field for all three
mappings. Increasing 𝛾𝑠 broadens the anomaly and suppresses
the peak height, but it does not shift the position of the critical
response. Therefore, the dissipative DOPO network retains the
ability to identify the critical point of the corresponding closed XY
model, even though the ideal gap-closing singularity is replaced
by a finite-linewidth optical response. Based on this local critical
response, Figure 6 further illustrates how the dissipative response
of the DOPO can be used to identify the phases of the XY model.
Figure 6a shows the phase diagram of the XY model in the
normalized parameter space ( 𝑔, 𝐽𝑑 ∕𝐽𝑠 ) , where 𝑔 = ℎ∕𝐽𝑠 . In the
ordered regime 𝑔 < 1 , the ferromagnetic ordering direction is
selected by the sign of 𝐽𝑑 ∕𝐽𝑠 . Positive 𝐽𝑑 ∕𝐽𝑠 leads to the FM-
7 of 11
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FIGURE 5 Dissipative-DOPO signatures of quantum critical behavior in the mapped XY-family spin models. Panels (a)–(c) show the broadened 
susceptibility 𝜒̃𝐷 , i.e., the second derivative of the rescaled energy 𝑒𝐷 𝑔 of the ground state, for the anisotropic-XY, isotropic-XY, and quasi-TFI mappings, 
respectively. Panels (d)–(f) show the corresponding obscured-mode response 𝑅𝜋(0) at 𝑘 = 𝜋. The horizontal axis is the effective transverse field ℎef f , 
reconstructed from the detuning of the DOPO through the spectral mapping. Different line styles denote different dissipation rates 𝛾𝑠 of the signal mode, 
and the vertical dotted lines mark the critical field ℎ𝑐 of the corresponding XY model. As ℎef f approaches ℎ𝑐 , both 𝜒̃𝐷 and 𝑅𝜋(0) develop distinct peaks, 
indicating that the dissipative linear response of the DOPO can locate the critical point of the mapped XY model. For 𝛾𝑠 = 0 , 𝑅𝜋(0) formally diverges at 
Ω𝜋 = 0 , whereas a nonvanishing 𝛾𝑠 broadens this ideal singularity into a finite-height response peak. 

FIGURE 6 Phase diagram of the XY model and its identification through a dissipative response of the DOPO network. (a) Phase diagram of the XY 
model in the parameter space ( 𝑔, 𝐽𝑑 ∕𝐽𝑠 ) , where 𝑔 = ℎ∕𝐽𝑠 . The regions 𝑔 < 1 , 𝐽𝑑 ∕𝐽𝑠 > 0 and 𝑔 < 1 , 𝐽𝑑 ∕𝐽𝑠 < 0 correspond to the FM- 𝑥 and FM- 𝑦 phases, 
respectively, while 𝑔 > 1 corresponds to the PM- 𝑧 phase. The dashed line denotes the critical line of the isotropic XY model, i.e., 𝐽𝑑 ∕𝐽𝑠 = 0 , and the 
dotted line marks the critical line, i.e., 𝑔 = 1 or equivalently ℎ = ℎ𝑐 = 𝐽𝑠 . (b) Dissipative response map of the DOPO network, log 10 𝑅𝜋(0) , expressed in 
the same normalized parameter space with 𝑔 = ℎef f ∕𝐽𝑠 . The bright vertical ridge centered at 𝑔 = 1 represents the finite-linewidth enhancement of the 
𝑘 = 𝜋 mode and therefore locates the critical line of the mapped XY model. Combining the position relative to this ridge with the sign of 𝐽𝑑 ∕𝐽𝑠 allows 
one to identify the corresponding phases of the XY model within the accessible region 𝐷2 ≥ 0 . The black dash-dotted curve denotes the boundary with 
𝐷2 = 0 , and the shaded region with 𝐷2 

< 0 is inaccessible to the present finite-parameter mapping of the DOPO network. Importantly, panel (b) is an 
optical response map rather than a thermodynamic phase diagram of the DOPO network itself. 
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phase, while negative 𝐽𝑑 ∕𝐽𝑠 leads to the FM- 𝑦 phase. Once
he normalized transverse field crosses the critical line 𝑔 = 1 ,
he system becomes 𝑧-polarized and enters the paramagnetic
hase PM- 𝑧. The line 𝐽𝑑 ∕𝐽𝑠 = 0 corresponds to the isotropic
Y case. Figure 6b in contrast, is not a phase diagram of the
ptical system. It is a dissipative response map of the DOPO
etwork, log 

10 
𝑅𝜋(0) , in the same normalized parameter space,

ith the horizontal coordinate reconstructed from the detuning
f the DOPO network as 𝑔 = ℎeff ∕𝐽𝑠 . The bright vertical ridge
t 𝑔 = 1 corresponds to the enhancement of the 𝑘 = 𝜋 mode
nd therefore locates the critical line of the corresponding XY
odel. The black dash-dotted curve denotes the 𝐷2 = 0 boundary,
nd the shaded region with 𝐷2 

< 0 is inaccessible to the present
inite-parameter mapping of the DOPO network. Within the
ptically accessible region 𝐷2 ≥ 0 , combining the position of the
roadened soft-mode ridge with the sign of 𝐽𝑑 ∕𝐽𝑠 allows one to
nfer the corresponding phase of the mapped XY model, i.e.,
he region 𝑔 < 1 , 𝐽𝑑 ∕𝐽𝑠 > 0 corresponds to FM- 𝑥, the region 𝑔 <
 , 𝐽𝑑 ∕𝐽𝑠 < 0 corresponds to FM- 𝑦, and 𝑔 > 1 corresponds to PM- 𝑧.
herefore, the dissipative DOPO network acts as a spectroscopic
eadout of the phase diagram of the XY. Figure 6b is not a
hermodynamic phase diagram of the DOPO network itself, but
ather an optical response map from which the phases of the
orresponding XY model can be inferred. 

 Conclusion 

n this work, we established a spectral mapping between aone-
imensional XY spin chain and a network of coupled DOPOs. For
inite 𝐽𝑥 > 0 and 𝐽𝑦 > 0 , the mapping reproduces the spectrum
f the XY model exactly and therefore encodes the gap closing
t the quantum critical point in experimentally tunable optical
arameters. We emphasize that the present construction has a
ell-defined domain of validity. For anisotropic couplings 𝐽𝑥 ≠
𝑦 , the mapped parametric drive is real only for ℎ ≥ 2

√
𝐽𝑥 𝐽𝑦 .

ence, the scheme directly accesses the critical point and a near-
ritical strong-f ield window, but does not generally reproduce the
omplete evolution from zero field through the entire ordered
hase. The strict transverse-field Ising limit 𝐽𝑦 = 0 is singular
nder the finite-parameter mapping. Nevertheless, a strongly
nisotropic chain with 0 < 𝐽𝑦 ≪ 𝐽𝑥 provides a quasi-TFI regime.
hen finite loss of the signal mode is included, the ideal gap-
losing singularity is rounded into a finite-linewidth response
eak. The peak becomes broader and lower as 𝛾𝑠 increases,
hile its center remains fixed by Ω𝜋 = 0 , allowing the dissipative
esponse of the DOPO to serve as a spectroscopic readout of the
ritical line of the mapped XY. 

ccordingly, the principal result of this work is not a finite-
arameter realization of the QPT of the XY model in the DOPO
etwork itself, but a tunable photonic platform for spectrally
mulating and detecting critical behavior of the corresponding
Y family of the spin chains. The DOPO network remains in the
ame dynamically stable dissipative regime, while its spectrum
nd linear response encode the criticality of the mapped spin
odel. This approach may be extended to other spin models
nd higher-dimensional photonic networks, where optical non-
inearity and dissipation can provide additional routes for probing
ritical phenomena. 
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