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We investigate the effects of temperature on higher-order topological insulators (HOTIs). The finite-
temperature topological invariants for HOTIs can be constructed by generalizing the Resta’s polarization for
the ground state to the ensemble geometric phase (EGP) for the mixed states, [C.-E. Bardyn, L. Wawer, A.
Altland, M. Fleischhauer, and S. Diehl, Phys. Rev. X 8, 011035 (2018)]. The EGP is consistent with the Resta’s
polarization both at zero temperature and at finite temperatures in the thermodynamic limit. We find that the
temperature can change the critical point and thus induce a phase transition from a topologically trivial phase to
a nontrivial phase in a finite-size system, manifesting changes in the winding of the EGP.
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The phases of quantum matter can be characterized and
classified by the topology of their ground states [1–4]. The
topological properties of quantum phases, such as protected
edge states and quantized particle transport, all originate from
the topological invariants of the bulk state [5–9], which can
only be defined in the ground state. Therefore, how to charac-
terize the topology of the finite-temperature quantum states
or even the nonequilibrium steady states of open quantum
systems is an important issue [10–26]. Recently, it has been
shown that the many-body Resta’s polarization [27] defined in
the ground state can be generalized to the phase of the expec-
tation value of the polarization operator in the Gaussian mixed
states of fermions in one dimension (1D), i.e., the ensem-
ble geometric phase (EGP), which can be directly measured
[28]. The winding of the EGP of mixed states upon cyclic-
parameter variation yields a quantized topological invariant,
which can be related to the quantized particle transport in
an auxiliary system weakly coupled to the fermion chain
[29]. The concept of an EGP can be generalized to higher-
dimensional systems [30,31], interacting systems [32,33],
critical systems [34], systems with time-reversal symmetry
[35,36], and dissipative systems [37,38]. However, all these
extensions are limited to first-order topological systems.

Recently, higher-order topological insulators (HOTIs)
have attracted broad interest due to their unconventional
bulk-boundary correspondence [39–64]. In higher-order topo-
logical phases, a d-dimensional nth-order (n � 2) topological
system hosts topologically protected gapless states on its
(d − n)-dimensional boundaries. Up to now, much effort
has been devoted to understanding the effects of disorders
[65–68], electron-electron interactions [69–71], and electron-
phonon interactions [72] on higher-order topological phase
transitions. Nevertheless, the finite-temperature effects on
higher-order topological phase transitions have not yet been
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studied. One may wonder whether the EGP can be general-
ized to HOTIs? Does the temperature affect the higher-order
topological phase transitions?

In this Letter, we propose a topological invariant to charac-
terize the topology of HOTIs at finite temperatures, and thus
it enables us to study the effects of the temperature on the
higher-order topological phase transition. To be specific, we
introduce the many-body Resta’s polarization of the noninter-
acting fermionic Benalcazar-Bernevig-Hughes (BBH) model
[73,74] at zero temperature and generalize it to the finite-
temperature case, thereby constructing a higher-order EGP.
We show that the higher-order EGP can restore the Resta’s po-
larization at zero temperature, while at finite temperatures, the
higher-order EGP is consistent with the Resta’s polarization
in the thermodynamic limit. The winding of the higher-order
EGP is quantized and thus can be utilized to characterize
the higher-order topological phase transition at finite temper-
atures. We find that the temperature can affect the critical
point of a finite-size system and induce a topological phase
transition from a topologically trivial phase to a topologically
nontrivial phase. As the temperature continues to increase, the
system is expected to transit from a topologically nontrivial
phase to a trivial phase with completely mixed states.

Higher-order topological invariant for a noninteracting
fermionic model. We consider a noninteracting fermionic
BBH square-lattice model [40,41] with a staggered potential
and periodic driving. As shown in Fig. 1(a), the Hamiltonian
with N × N unit cells reads

H0 = −
∑
〈i, j〉

λi j â
†
i â j + �

N−1∑
x,y=0

4∑
μ=1

(−1)μn̂x,y;μ, (1)

where â†
i is a fermionic creation operator at site i = (x, y; μ),

x, y ∈ {0, 1, . . . , N − 1} are the positional coordinates of the
unit cell, and μ ∈ {1, 2, 3, 4} labels the four sites in each
unit cell. n̂i = â†

i âi denotes the fermion number operator.
The nearest-neighbor-hopping energy λi j in the unit cell
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FIG. 1. (a) The square lattice of the BBH model with time-
dependent nearest-neighbor intracell hopping constant ±δ, intercell
hopping constant ±(δ0 − δ), and on-site potentials ±�. Solid lines
take positive signs, while dashed lines take negative signs. (b) The
pumping circle in parameter space (t,�). The arrow marks the evo-
lution direction of the pump, and the red dot represents the gapless
point of system.

and between two unit cells are respectively ±δ and ±(δ0 −
δ). ±� are the staggered on-site potentials. The pump cy-
cle is parametrized by τ ∈ [0, 2π ), with t = (δ0 − δ) − δ =
δ0(cos τ + r) and � = δ0 sin τ , where δ = δ0(1 − cos τ −
r)/2. As shown in Fig. 1(a), the solid lines take positive signs,
while the dashed lines take negative signs. The undriven BBH
model exhibits a second-order topological phase when t > 0,
featured by the appearance of in-gap localized states on the
corners of the lattice [40,41]. The pumping circle with the cen-
ter localized at (t,�) = (rδ0, 0) in the parameter space (t,�)
is shown in Fig. 1(b). When a pumping circle encloses the
gapless point, i.e., (t,�) = (0, 0), as shown in Fig. 1(b), the
quantized charge will be transferred from the two antidiagonal
corners to the two diagonal corners during an adiabatic cyclic
evolution in half filling [75].

Now, we review the generalization of Resta polarization
to the 2D hard-core Bose-Hubbard model as discussed in
Ref. [75], and we apply it to the noninteracting fermion BBH
model. Following Ref. [75], in order to investigate the charge-
transport properties on higher-order corner states, we connect
the four corners of the system to construct corner periodic
boundary conditions (CPBCs), so that the current can pass
through all four corners, and then study the total amount of
charge Qc2 flowing through corner c2 during one pumping
cycle.

The total bulk Hamiltonian with CPBC reads HCPBC =
H0 + HC, where the corner-connecting link Hamiltonian is

HC = (δ − δ0)
(
â†

c2
âc1 + â†

c1
âc4 + â†

c4
âc3 − â†

c3
âc2

) + H.c.
(2)

with corner sites c1 = (N − 1, N − 1; 1), c2 = (0, N − 1; 2),
c3 = (0, 0; 3), and c4 = (N − 1, 0; 4). To construct topologi-
cal invariants, we define the position operator under CPBC,

V̂ = exp

(
i
2π

N
X̂

)
, (3)

where

X̂ =
∑
x�y

∑
μ

(y − x)n̂x,y;μ. (4)

FIG. 2. The BBH model under CPBC with additional flux θ in
the top and left supercells, and the net flux in each bulk plaquette is
π . The orange arrows indicate that the hopping along the direction
of the arrow needs to be multiplied by a phase factor eiθ/N .

The polarization P can be defined as

P = 1

2π
Im ln〈ψ0|V̂ |ψ0〉, (5)

where |ψ0〉 is the half-filling ground state of HCPBC. Here, we
only consider the electrons in the triangular region with ver-
tices c1, c2, and c3, whose polarization component along the
diagonal direction is P. The polarization P is very important
in our theory. First, it takes the form of the Zak phase. Second,
its time derivative represents a physically meaningful current.
Third, as we will see in the next section, P can be generalized
to characterize the topology of the density matrix.

To explain that P is essentially the Zak phase, we first
insert flux θ into two supercells near vertex c2. We use the
Peierls substitution and chose the gauge shown in Fig. 2. The
corresponding Hamiltonian with flux θ is denoted as HC

V (θ ).
Then we can prove that

P = −i

2π

∫ 2π

0
dθ 〈φ0(θ )| ∂θ |φ0(θ )〉 = ϕZ

2π
, (6)

where |φ0(θ )〉 is the ground state of HC
V (θ ), satisfying

HC
V (θ ) |φ0(θ )〉 = E0 |φ0(θ )〉. The higher-order Zak phase ϕZ

is Z2 quantized when the on-site potential vanishes, i.e., see
Supplemental Material [76],

ϕZ = πZ mod 2π. (7)

On the other hand, we can demonstrate that the derivative
of the polarization P with respect to time gives the current
in this direction. Therefore, the amount of charge flowing
through c2 over one period is Qc2 = ∫ 2π

0 dτ∂τ P = �ϕZ/2π ,
which is related to the winding of the higher-order Zak phase

Qc2 = −i

2π

∫
dτ

∫
dθ [〈∂τφ0|∂θφ0〉 − 〈∂θφ0|∂τφ0〉]. (8)
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FIG. 3. (a) EGP of the HOTI at different temperatures. The sys-
tem includes 10 × 10 unit cells. (b) EGP of the HOTI for different
sizes at temperature T = δ0. The blue dots represent the higher-order
Zak phase, i.e., the EGP at zero temperature.

It is equal to the Chern number, which is gauge invariant and
integer quantized in a cyclic system.

Higher-order topological invariant for Gaussian mixed
states. Now, we need to generalize the Zak phase and
Chern number to finite-temperature scenarios. Analogous to
Ref. [28], the most natural way is to generalize the ground-
state expectation value of the position operator in Eq. (5) to
its expectation value in the thermodynamic equilibrium state,
thereby obtaining the finite-temperature Zak phase in HOTIs,
i.e., the ensemble geometric phase (EGP):

ϕE = Im ln Tr(ρV̂ ) = Im ln〈V̂ 〉. (9)

The ground state |ψ0〉 of HCPBC in Eq. (5) has become the
equilibrium density matrix

ρ = 1

Z exp(−βHCPBC) = 1

Z exp

⎛
⎝−

∑
i, j

â†
i Gi j â j

⎞
⎠, (10)

where G = βHCPBC is the fictitious Hamiltonian matrix,
and β = kBT with kB and T being the Boltzmann constant
and temperature, respectively. Z is the partition function
and Tr(ρ) = 1.

The expectation value 〈V̂ 〉 can be written in terms of the
Gaussian integral of the Grassmann number as [28]

〈V̂ 〉 = det[− f (G)]
∫

d (ψ̄, ψ )eψ̄[ f −1(G)−1+V ]ψ

= det[1 − f (G) + f (G)V ]. (11)

Here, â†
i (âi) is replaced by the Grassmann number ψ̄ (ψ ),

which satisfies the Grassmann anticommutation ψiψ j =
−ψ jψi. V is the matrix representation of V̂ and f (G) is the
correlation matrix with matrix elements

[ f (G)]i j = 〈â†
j âi〉, (12)

which can be analytically calculated as

f (G) = (eG + 1)−1. (13)

Clearly, by definition, EGP equals the Zak phase at zero tem-
perature. In Fig. 3(a), we have shown the higher-order EGP ϕE

during a cycle at different temperatures of the same size. The
blue solid dots represent the higher-order Zak phase defined in
Eq. (6). We can observe that, as the temperature decreases, ϕE

approaches the Zak phase ϕZ. It has been shown in Ref. [28]
that for the 1D case, the EGP will reduce to the Zak phase
in the thermodynamic limit, even when T > 0 K. We dis-
cover that this phenomenon still exists in 2D HOTI systems.
Figure 3(b) illustrates the EGP at nonzero temperatures, show-
ing that ϕE approaches the Zak phase ϕZ as the size increases.

We can define the higher-order topological invariant �ϕE

at finite temperatures by calculating the winding of higher-
order EGP upon a parameter loop [37], i.e.,

�ϕE =
∫

dτ
∂

∂τ
ϕE =

∮
P

(
u

u2 + v2
dv − v

u2 + v2
du

)
,

(14)

where u and v are the real and imaginary parts of 〈V̂ 〉, re-
spectively, and P is the loop of 〈V̂ 〉 in the complex plane.
Since ϕE is defined modulo 2π , when the parameters return
to their initial values after a cycle, the winding of ϕE must be
an integer multiplied by 2π . Specifically, this integer is equal
to the number of times 〈V̂ 〉 encircles the origin in the complex
plane as τ varies from 0 to 2π . At zero temperature, when the
pump circle (t,�) contains a gapless point, i.e., the origin of
the parameter space, it implies that the system is in a nontrivial
topological phase. This corresponds to the loop formed by
〈V̂ 〉 in the complex plane enclosing the origin of the complex
plane. Therefore, we can examine the trajectory of 〈V̂ 〉 in
the complex plane to determine whether a topological phase
transition occurs in the system as the temperature changes.

It has been pointed out that the size has no contribution to
the winding of ϕE , and thus �ϕE equals the winding of the
Zak phase for any size N [28]. However, our results indicate
that while �ϕE is always quantized for any size, the critical

FIG. 4. The trajectory of the normalized 〈V̂ 〉 in the complex
plane when τ varies from 0 to 2π . When T = 0 K, the gapless point
is (a) in (b) outside of the pumping circle. When T > 0 K and the
gapless point is outside of the pumping circle, the system size is
(c) N = 6, (d) N = 10.
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FIG. 5. (a) Difference of the higher-order EGP �ϕE accumulated
per cycle vs the position of the cycle center r for different N’s.
The temperature of system is T = 0.5δ0. (b) �ϕE vs r for different
T ’s. The system includes 12 × 12 unit cells. The trajectory of the
parameters is shown in Fig. 1(b).

point of the topological phase transition sensitively depends
on N . In Fig. 4, we show the trajectory of the normalized
〈V̂ 〉. As shown in Figs. 4(a) and 4(b), at zero temperature,
when the pump circle encloses the gapless point, e.g., r = 0.8,
the normalized 〈V̂ 〉 forms a closed loop, corresponding to
a nontrivial topological phase. However, when the gapless
point is outside of the pump circle, e.g., r = 1.2, 〈V̂ 〉 cannot
form a closed loop, causing the system to transit to a trivial
topological phase, characterized by �ϕE = 0. However, when
the temperature increases, as shown in Fig. 4(c), the system
returns to a topologically nontrivial phase, with the normal-
ized 〈V̂ 〉 forming a closed loop. Interestingly, when the size is
increased, as shown in Fig. 4(d), the normalized 〈V̂ 〉 no longer
forms a closed loop, indicating that in the thermodynamic
limit, even at nonzero temperature, �ϕE remains consistent
with �ϕZ.

We show �ϕE as a function of the center of parameter
circle for different sized N’s in Fig. 5(a). At zero temperature,
the system is in a topologically nontrivial phase when r < 1,
in which case the pumping circle encloses the gapless point,
and it is in a topologically trivial phase when r > 1. However,
when T > 0, the position of the critical point will change.
For a given temperature, as the size of the system increases,
the critical point will approach the one at zero temperature,
as shown in Fig. 5(b). It is surprising that as the temperature
increases, the critical point can be greater than 1. It suggests
that if the system is in a topologically trivial phase near the
critical point at zero temperature, increasing the temperature
will induce a topological phase transition, turning the system
into a topologically nontrivial phase.

The phase diagrams are shown in Fig. 6, where the bound-
ary between the blue (topologically trivial phase) and yellow
(topologically nontrivial phase) regions represents the critical
temperature as the parameter r changes. At zero tempera-
ture, the critical point of the system from the topologically
nontrivial phase to the trivial phase is around r = 1. Due

FIG. 6. Phase diagrams for the temperature T/δ0 and r at (a) N =
6 and (b) N = 12.

to the finite-size effects, the critical point will deviate from
r = 1. As the temperature increases, the system transits from
the topologically nontrivial phase to the trivial phase. The
larger the size is, the higher the critical temperature becomes.
Because according to previous theories, the EGP ϕE equals the
zero-temperature Zak phase ϕZ in the thermodynamic limit,
hence, the finite-temperature phase diagram approaches the
zero-temperature phase diagram in the thermodynamic limit.
When the system is in the topologically trivial phase as shown
in Fig. 6 at zero temperature, increasing the temperature will
change the system from the topologically trivial phase to the
nontrivial phase, and finally back to the trivial phase.

Conclusion. In this Letter, we introduce a topological in-
variant for the finite-temperature states of the HOTI. The
Resta’s polarization at zero temperature can be general-
ized to the EGP at finite temperatures in the noninteracting
fermionic BBH model and the winding of the EGP yields the
higher-order topological invariant �ϕE . The EGP defined in
the higher-order topological state coincides with the higher-
order Zak phase in the limit T → 0. In the thermodynamic
limit, i.e., N → ∞, the EGPs at finite temperatures coincide
with the higher-order Zak phase at zero temperature. Finite-
temperature higher-order topological phases are characterized
by �ϕE . Our numerical simulations confirm that at finite
sizes, the critical point of the topological phase transition
characterized by �ϕE differs from the counterpart at zero
temperature, which indicates that the temperature can induce
the system to transit from a topologically trivial phase to
a topologically nontrivial phase, but in the thermodynamic
limit the critical points at different temperatures are the same.
Our approach can be extended to 3D chiral-symmetric higher-
order topological insulators. A direct method is to utilize the
3D Hamiltonian with CPBC and the 3D polarization operator
proposed in Ref. [77], and use the method from this Letter to
calculate the finite-temperature higher-order EGP.
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