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ABSTRACT: The underlying chemical and physical mechanism of avian
navigation is an important issue of broad interest. One of the most famous
candidates is the radical-pair mechanism, which shows that the magneto-
reception is achieved by detecting the amount of chemical-reaction product
from the singlet state. In the hypothesis, the surrounding nuclear spins play
an important role as inducing the coherent transition between the singlet and
triplet states. Recently, it was suggested that a multiradical model beyond two
radicals can also realize magnetoreception without the assistance of nuclear
spins. Inspired by this discovery, we explore the amount of the singlet
recombination product in a multiradical model, with a radical bath described
by the Lipkin—Meshkov—Glick (LMG) model, which was originally
proposed for quantum phase transition (QPT). We show that the sensitivity
of the bionic compass can be improved at the critical point. Our results may pave the way for the exploration of the design principle
of the bionic compass.

I. INTRODUCTION magnetic fleld effects of flavin mononucleotide and flavin
adenine dinucleotide as well as their photogenerated radicals
with high sensitivity.'” Inspired by these interesting discov-
eries, bionic quantum coherent devices for navigation have
been proposed, e.g, criticality-enhanced quantum compass.”’

We notice that nuclear spins play a crucial role in the
proposed radical-pair mechanism, because the homogeneous
geomagnetic field cannot induce the transition between the
initial singlet state and the triplet states.”'® Recent studies have
suggested that the hyperfine interaction is not necessary for the
magnetoreception, and dipolar interactions between radicals
beyond the radical-pair model can also assist navigation by the
spin-dependent chemical reactions.”"””> When the spin-
selective chemical reaction takes place on three radicals, it
gives rise to a vastly enhanced reaction anisotropy and is more
resilient to spin relaxation.”” By introducing an additional
radical, superior magnetic response can be reached with both
hyperfine interaction and dipole—dipole interaction between
radicals.”” It was also found that the nonuniform magnetic field
can also be used in the radical-pair mechanism so as to
navigate.”” It is also shown that the quantum phase transition
(QPT) in the nuclear spins described by the Ising model in the
transverse field can improve the sensitivity for the bionic
compass.”’ Considering the above discoveries, it is quite

In the seminal book, What's Life?, Schrodigner presented the
idea that physical laws in macroscale are decided by statistical
behaviors in the microscale.' Ever since then, physical
mechanisms have been applied to explain various physiological
processes in living beings, e.g., coherent energy transfer in
natural photosynthesis,””’ a quantum model for protein
folding,” and the radical-pair mechanism for migratory
birds.”""

Among the S0 species, which include insects, crustaceans,
fish, amphibians, reptiles, mammals, and birds, that utilize
geomagnetic field for navigation, migratory birds have been
intensively studied.'' In the radical-pair hypothesis, the radical
pair in the cryptochrome is activated by photons, which is
believed to be done under the functions of flavin adenine
dinucleotide."> More possibilities have also been tested.'*"
The anisotropic magnetic field due to the nearby nuclear spins
can result in the reaction yield which is sensitive to orientation
of the geomagnetic field. The cryptochrome is located at the
avian retina and the visual modulation patterns can be
influenced by the geomagnetic field through the above spin-
selective chemical reaction.”'”"® In a model system,
carotenoidporphyrinfullerene, the radical pair is photochemi-
cally activated. When the probe light is not perpendicular to
the simulated geomagnetic field, the lifetime of the radical pair
in chemical reaction in vitro shows clear dependence on the Received:  April 20, 2022
orientation of the magnetic field.'®'” Such spin-dependent Revised:  October 6, 2022
chemical reactions can be well described by the Holstein Published: November 30, 2022
model, which is generalized to naturally include the spin
degree of freedom of the radicals.'”® Broadband cavity-
enhanced absorption spectroscopy is utilized to show the
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natural to ask: Can we use the QPT in the multiradical model
to optimize the sensitivity? Can the QPT beyond the Ising
model be used for bionic compass, e.g., the Lipkin—Meshkov—
Glick (LMG) model?

In this paper, instead of animal magnetoreception, we
propose two models for the bionic compass based on the LMG
model. The LMG model can describe the quantum phase
transition in many systems, including nuclei, interacting spin
systems, Bose—Einstein condensates, and magnetic mole-
cules.”*™*° Tt describes a system with N Fermions distributed
on two N-fold degenerated energy levels. Different from the
Ising model or XY model, which only consider the nearest-
neighbor interactions,”” ">’ the LMG model takes all
interactions of the spins into consideration based on the
mean-field theory.’>" In the LMG model, there are transverse
spin—spin interactions between any pair of spins in addition to
the longitudinal Zeeman interaction with the magnetic field.
When the Zeeman effect is much stronger than the spin—spin
interaction, all spins tend to align in the same direction as the
magnetic field, i.e., ferromagnetic phase. On the contrary, when
the latter dominates, all spins tend to be in the transverse
direction, i.e., paramagnetic phase. Since [6,0,] # 0, with g,
(a = x,y) being the Pauli matrices, the QPT occurs at the point
where the Zeeman interaction equals the spin—spin
interaction, due to the intrinsic Heisenberg uncertainty
relation. Generally speaking, the occurrence of the QPT is
accompanied by the disappearance of the energy gap.

Analytical methods have been used to obtain eigenvalues
and corresponding eigenfunctions for the LMG model,** or
the low-energy spectrum and associated generator matrix
elements in the eigen basis of the LMG model.”® The spectrum
of the LMG model in the thermodynamic limit is carefully
studied using Majorana polynomial analysis.”*”> The measure
of entanglement in this limit offers different features from one-
dimensional spin systems.”® An interesting discovery that the
QPT also exists in the LMG model®"*” inspires us to improve
the sensitivity of magnetic-field detection by the QPT in the
multiradical bath which is described by the LMG model.

This paper is organized as follows: In Section II, we propose
two models for bionic compass based on the LMG model with
many radicals. In Section III, we perform the numerical
simulations to show that the magnetic-field detection in the
bionic compass can be realized and enhanced by the QPT.
Lastly, the main conclusions are summarized in Section IV.

Il. METHOD

In avian navigation, the spin-dependent chemical reaction only
occurs in the radical-pair system (Figure 1) and depletes the
radical pair to generate different chemical products according
to their spin states, i.e., singlet or triplet states.”'® For the sake
of simplicity, we assume that the singlet and triplet states have
the same recombination constant k and neglect the quantum
jumps in the system. The time evolution of the density matrix
of the total system is determined by’

dpt) o a a
= i[H, p(t)] — kp(t) (1)

where H is the Hamiltonian of the total system including the
radical pair and the radical bath and p is the density matrix of
the total system including the radical pair and bath. In the
following, we will explicitly discuss two models to show the
effects of the Hamiltonian on the navigation. The quantum

Figure 1. Schematic of the radical-pair system interacting a
multiradical bath. The red spheres represent the radical pair, while
the blue spheres are the radicals in the bath described by the LMG
model. The angle between the geomagnetic field and the normal of
the plane is 6.

yield of the singlet state in the chemical reaction can be
calculated by using the projection operator P = 10,0),,(0,0!
to the singlet state as

« 5(ab) o
b =k fo dr T "5 (2)] o)
where 10,0),, and 11,a),, with @ = 0, &+ 1 are respectively the
singlet and triplet states of the radical pair.

Generally, the open quantum dynamics of the spin-
dependent chemical reaction should be described by the
quantum master equation.38 In eq 1, the quantum jump terms
have been omitted and may lead to possible deviation from the
experimental observation at low and high magnetic field due to
quantum Zeno effect.’*™*° Moveover, the exact quantum
dynamics of the open quantum system can be given by the
hierarchical equation of motion.”’ Recently, it has been
theoretically proposed and experimentally demonstrated that
the exact solution can be e);ponentially accelerated by a
quantum simulation approach.4 —

Assuming that initially the radical-pair system is in the
singlet state, and the bath is in the thermal state Y., IN/2,M
Y(N/2,MI/(N + 1), the initial density matrix of the total system
is

G (ab)
D> IN/2, M)(N/2, MI ® B
M=-N/2

1
N+1

p(t=0) =

3)
Here, we use Dicke states IN/2,M) (M = —N/2, -+, N/2) for
the bath. The initial state of the bath can be prepared by
making the bath interacting with an additional bath at thermal
equilibrium with temperature much greater than the level
spacing of the radical bath. In other words, the bath is prepared
by thermalization. The initial state of the central radical pair
can be prepared by the photon activation.

It was suggested that birds’ sensory transduction pathway
can be effected by the quantum yield of the chemical reaction
involved in radical-pair mechanism, and a different amount of
singlet-state quantum yield produces different visual modu-
lation patterns, enabling birds to distinguish the direction of
the geomagnetic field.” Therefore, a reasonable model for avian
navigation should have a remarkable change in the quantum
yield with respect to the variation of strength and direction of
the magnetic field, so as to have a distinct sense of direction.

https://doi.org/10.1021/acs.jpcb.2c02711
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However, the quantum yield of this coupled system will
remain a constant as the magnitude and direction of the
magnetic field changes. This result can be expected by
analyzing the Hamiltonian (S1) in the Supporting Information.
The operators of the radical pair, S, S and S$*, cannot change
the total spin number of the radical pair, making transition
between the singlet and triplet states unavailable. Under this
circumstance, no matter which initial state we choose for the
radical bath, these two kinds of spin states will respectively
convert to the corresponding chemical products without
affecting each other. Therefore, this multiradical LMG model
cannot be used in the bionic compass. To solve this problem,
we propose two models based on the LMG model for the
bionic compass. The design principle of these two models is to
break the symmetry between radical a and b in the
Hamiltonian, in order to induce the transition between the
singlet and triplet states of the radical-pair system.

Model A: Absence of Zeeman Effect on Radical b. The
symmetry of the Hamiltonian can be broken by neglecting the
Zeeman effect of the radical b, making the Hamiltonian of the

system become

N
A A
I—I1 = _N Z (glxg]x + glyg]y) — E(Gaxabx + Gayaby
i<j
N

[6"(e; + o) + 67(a] + )]

Z |~

i=1
N
- B Z (cos 86 + sin 06,") — B(cos 057 + sin Oo;,)
i=1

(4)

where of (i =1, 2, -, N, @ = «, y, z) represents the Pauli
matrices of the radical bath and ¢ and of are the Pauli
matrices of the radical pair. A/N is the interaction between the
radicals in the bath, which is inversely proportional to the total
number of the spins according to the mean field theory. B is
the geomagnetic field, and we assume the electric dipole of the
radical to be unity. Here, we assume that the coupling strength
between the central radical and the bath is equal to the
interaction within the bath.

To figure out the impact of this Hamiltonian on the
quantum states, we transform the operators of single spin to
the collective operators of multiple spins. Therefore, the

Hamiltonian can be finally transformed into
24], 2 » N 2 2
== = O = S| = A8 = (87 — 1]
22, + +co— z z
- F(]NS + S ) — 2B cos GUN + 57)
— 2Bsin 0(J3; + S;) (s)
where S, = 0,/2.
Since there is no invariant subspace in the Hamiltonian with

dimension 4(N + 1), after careful calculation, the Hamiltonian
is given as

CYREY

8 o
|

(6)
where A;(M,0) are the diagonal blocks and R;(M,0) are the
nondiagonal blocks. The details are shown in Appendix II of
the Supporting Information. For a specific case with € = 0, the
Hamiltonian H is simplified as a block-diagonal matrix; cf.
Appendix I of the Supporting Information.

Model B: Absence of Spin b’s Interaction with Bath.
We can also break the conservation of total spin number of the
radical pair by neglecting the interaction between the bath and
the radical b. Thus, the Hamiltonian becomes

N
A A
H, = BY; Z (d0] + 6/0]) — E(Uax%x + 0]o))
i<j

N N
A
BBY; Z (67c) + 6/6]) — B Z (cos O67 + sin O57)
i=1 i=1
— Bcos (o] + 0;) — Bsin (o, + o;) (7)
After transformed into the Dicke representation, it reads

H, = —%[JNZ - R - g] — A" - (§7)* — 1]

24, _ _ z z
- EUNSI +J3S;7) — 2B cos 65 + %)
— 2B sin 0]y + S) (8)

Following a similar procedure to obtain eq 6, we can also write
this Hamiltonian as

N N
-30) w(-5)

W) ol

R,

)
)

N
—+1,0| -
2
N
—+1,0]
2

()
where the explicit expressions of A, and R, are given in
Appendix II of the Supporting Information.

lll. RESULTS

First of all, we will investigate the magnetic-field detection by
the bionic compass for Model A. Figure 2a shows the
dependence of ¢s on A and k for @ = 0 when there exist
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Figure 2. (a) Quantum yield ¢ varying with respect to the spin—spin
interaction strength A and recombination rate k for N = 50 in Model
A. (b) The sensitivity of bionic compass at different sets of 4 and k. A
is in units of B.

invariant subspaces; cf. Appendix II of the Supporting
Information. At first glance, there is a wide flat region in the
outer parameter space, which is close to unity. As k approaches
infinity while A stays constant, there is no probability for the
initial singlet state to convert to the triplet states and thus ¢g ~
1 because the chemical reaction is too fast. On the contrary,
when k is close to 0, the radical pair will have sufficient time to
evolve between the singlet state and the triplet states. Notice
that for 6 = 0 eq 6 will become a block-diagonal matrix; cf.
Appendix II of Supporting Information. When the differences
between the diagonal terms are much smaller than the off-
diagonal terms, we can assume the diagonal terms to be
identical, and up to some identity matrix, A;(M,0) in eq 6 can
be rewritten as

0 M) o0 0

(M) 0 Ax(M) -1

Al(Mr 9) =

0 M) 0 0
0 -1 0 0 (10)
whose eigenvectors are respectively (1/4y, 0,0, 1), (—x/y, 0,
L 0), (=4y, w, =4« 1)", and (=1 y, —w, =4 x, 1)7, with
x(M) = —ZﬁCM/N, y(M) = —zﬁgMH/N, and

w= 1+ 2(x*+3%). As A goes to infinity, the first

eigenvector approaches (0, 0, 0, 1), which is exactly the
singlet state. This implies that the singlet state alone forms an
invariant subspace and there is no conversion between the
singlet and triplet states. Hence the quantum yield is almost 1
at k = 0 and 4 — oo, which leads nearly unity plateau in the
top left part of Figure 2a. However, as A vanishes, the last two
eigenvectors become (0, 1, 0, 1)T and (0, —1, 0, 1),
respectively. In this case, each of them makes up half of the
initial state. As k > 1 — 0, the radical pair has sufficient time to
oscillate between these two states, and thus there is a plateau
with ¢ =~ 0.5 at the lower triangle of the bottom left of Figure
2a. In order to check the validity of the above analysis, we
numerically calculate the quantum yield as a function of
chemical-reaction rate for A = 0 in Figure 3a. As k decreases, ¢
dramatically drops from unity to half around k = 1 ps™.

In Figure 2b, we analyze the sensitivity for Model A for four
different sets of 4 and k. When the bath is far away from the
QPT, e.g,, A = 0.1, the quantum yield nearly stays constant for
different &’s. When the bath is at the critical point, we select
three typical k’s for demonstration. As might have been

(a)1.1 T . .
1
0.9
0.8
wn
<
0.7

0.6

0.5

0.4 : ' :
107

®
0.55 %

0.5

¢s

0.45
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Figure 3. (a) The behavior of quantum yield ¢)s in Model A when k
decreases from infinity to 0. This figure is obtained when 4/B = 0 and
N = 50. As k vanishes, ¢ approaches 0.5. (b) Quantum yield varies
with the angle of the magnetic field 6 at different N’s. Here we set k =
0.07 us™' and A/B = 1, which corresponds to the solid blue line in
Figure 2b.
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expected, when the chemical reaction happens too fast, i.e., k =
7 us~', the quantum yield still remains unchanged as the
direction of the magnetic field alters. When k decreases to 0.7
u s7', the quantum yield becomes lower than unity and shows
its dependence on the direction. If it is further reduced to k =
0.07 us™!, the sensitivity of the magnetoreception can be
improved.

According to Figure 2b, it seems that the QPT assists the
bionic compass. In general, the true QPT occurs in the
thermodynamic limit. As a result, we further investigate the
sensitivity as N is enlarged. When we constantly increase N,
the results seem to asymptotically approach a limit, which
implies our calculation is reliable. And the oscillation around 6
€ [0.37, 0.57] becomes more and more profound. Thus, we
may safely arrive at the conclusion that the QPT can sensitively
support the bionic compass.

In Figure 4, we also investigate the magnetosensitivity vs 4.
Here, the magnetosensitivity is defined by the maximum

107! 10° 10
\/B

107

Figure 4. Magnetosensitivity A¢yg varying with respect to A for N =1,
10, 20, 30, 40, 50 in Model A.

spread of the product yield of the singlet state for a given 4, i.e.,
Agpg = max ¢pg(0) — min ¢p5(0). Clearly, there is a peak around
the critical point, i.e., A = 1. As N increases, the peak becomes
more profound and converges in the thermodynamic limit,
which confirms that the enhanced magnetosensitivity is indeed
induced by the QPT. This is different from the observation in
ref 45, where the magnetosensitivity becomes weaker as N
increases. Therein, the magnetosensitivity is induced by the
symmetry breaking in one of N radicals. However, in our
model, the magnetoreception originates from the QPT, which
results from the collective behavior of all bath spins.
Hereafter, in Figure S, our calculation shows that in Model
B, the quantum yield ¢s of the singlet state will change
remarkably with respect to both the direction and magnitude
of the magnetic field, which covers a range from 0.8 to 0.93,
making it feasible for bionic compass. We notice that the QPT
takes place at A = 1, at which the quantum yield spans a wider
range as 0 changes. This implies that the sensitivity of bionic
compass can be enhanced by the QPT. Furthermore, the QPT
occurs only in the thermodynamic limit, i.e., N = oco. We also
investigate the dependence of ¢ on N in Figure 6. As shown,
the lines will converge as N increases. And the difference
between the lines for N = 50 and N = 100 is small. Therefore,
in Figure S, we demonstrate the result for N = 50.
Furthermore, we investigate the maximum spread of the
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Figure S. Quantum yield ¢ varying with respect to the magnetic
field’s direction @ and A for N = 50 and k = 0.7 s~ in Model B. 4 is in
units of B.
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Figure 6. Quantum yield ¢ varying with respect to the magnetic
field’s direction @ with /B = 1 and k = 0.7 us™" for N = 5, 10, 25, 50,
100 in Model B. The quantum yield converges as N increases.

product yield of the singlet state over different directions of the
geomagnetic field A¢g in Figure 7. It has been shown that
there is a peak around the critical point. As N is enlarged, the
enhancement of the magnetosensitivity becomes greater and it
also converges in the thermodynamic limit.

IV. DISCUSSION AND CONCLUSIONS

In the above sections, we have proposed two models for bionic
compass. Recently, there has been tremendous development in
the quantum simulation.*”** We notice that the LMG model
was experimentally realized in cold atoms trapped in an optical
lattice.”® By tuning the coupling strength between the atom
and the cavity, the frequency, and amplitude of the driving
field, the dynamic phase transition for the LMG model with
9.5 X 10° atoms was observed. Here, we remark that by tuning
the coupling strength between the atom and the cavity, i.e., the
position of individual atom, we can effectively realize Model B,
in which only one of the central radicals interacts with the
radical bath. On the other hand, the homogeneous all-to-all
couplings in the LMG model can be induced by applying a
largely detuned pump light to the radicals.”’~*” When a static
magnetic field is applied, the LMG model can be alternatively

https://doi.org/10.1021/acs.jpcb.2c02711
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Figure 7. Magnetosensitivity A¢s vs A for N = 5, 10, 20, 30, 40, 50
around the critical point in Model B.

realized. So far as Model A is concerned, only one radical in
the pair, ie., radical 4, interacts with the magnetic field. In
order to put this model into practice, we shall first of all
measure the direction and magnitude of the geomagnetic field
approximately by other approaches, e.g., Model B. Afterward, a
magnetic field approximately of the same magnitude but in the
opposite direction as the measured one is locally applied to
radical b in order to cancel the effect of the geomagnetic field.
In this way, Model A can be effectively realized. In Model B,
since there is no interaction between radical b and the bath
radicals, the pump light shall not be simultaneously applied to
them.

In this paper, we propose two models for the bionic compass
based on the LMG model. Hereafter, we shall make a
comparison between our models and the others for animal
magnetoreception and bionic compass. Previously, the radical-
pair mechanism was generally discussed in the nuclear-spin
environment and the electron dipole—dipole interaction was
neglected for simplicity. However, it was pointed out”” that
when the electronic dipole—dipole interaction is considered,
the anisotropic response to the magnetic field induced by the
nuclear bath will be suppressed. Interestingly, when an
additional nonreacting radical is introduced, a superior
magnetoreception will reappear. Similarly, although we have
not considered the nuclear bath in the present manuscript, we
would expect the criticality-enhanced magnetosensitivity could
still be present if both radical bath and nuclear bath are
considered.

In ref 45, the effects of symmetry breaking in an n-dipolarly
coupled radicals on the magnetosensitivity is investigated. It
was shown that, as the number of radicals #n increases, the
magnetosensitivity becomes weaker. This is reasonable because
the distortion is introduced on only one radical. However, in
our models, since the criticality-enhanced magnetosensitivity is
induced by the collective behavior of all n radicals, the
magnetoreception will be more profound as n increases,
especially in the thermodynamic limit. We remark that our
result is different from those discovered in ref 45, as their
origins are different from each other.

In this paper, inspired by the multiradical model,”" we
propose two multiradical models with the radical bath
described by the LMG model for bionic compass. When the
total system including the central radical pair and bath radicals

are fully described by the LMG model, it cannot be effectively
used for navigation as it will not induce the coherent transition
between the singlet and triplet states. However, if one of the
central radical pair does not interact with the magnetic field or
the radical bath, the capacity of navigation emerges. We further
show that the sensitivity of navigation can be enhanced around
the critical point and can be further improved as the number of
radicals increases. In the LMG model, homogeneous and long-
range interactions between spins are assumed. However, if
interactions beyond nearest-neighboring couplings can be
neglected, the LMG model can be simplified as the XY model
or the Ising model in the transverse field. It has been shown
that the sensitivity of the bionic compass is also enhanced
when the spin bath described by the Ising model in the
transverse field is at the criticality.”
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