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ABSTRACT: Simulating response properties of molecules is crucial for interpreting
experimental spectroscopies and accelerating materials design. However, it remains a long-
standing computational challenge for electronic structure methods on classical computers.
While quantum computers hold the promise of solving this problem more efficiently in the
long run, existing quantum algorithms requiring deep quantum circuits are infeasible for near-
term noisy quantum processors. Herein, we introduce a pragmatic variational quantum
response (VQR) algorithm for response properties, which circumvents the need for deep
quantum circuits. Using this algorithm, we report the first simulation of linear response
properties of molecules including dynamic polarizabilities and absorption spectra on a
superconducting quantum processor. Our results indicate that a large class of important
dynamical properties, such as Green’s functions, are within the reach of near-term quantum
hardware using this algorithm in combination with suitable error mitigation techniques.

n silico simulation of molecular response properties, such as

dynamic polarizabilities, absorption/emission spectra, and
nonlinear optical properties, is essential in the virtual design of
new materials with specific properties.” However, despite
decades of effort and tremendous progress in methodological
developments, their accurate and efficient prediction remains a
fundamental challenge for electronic structure methods on
classical computers.”” On one hand, while density functional
theory (DFT) and its time-dependent extension (TD-DFT)
have been the workhorse for simulating structural and response
properties of large molecules because of their good efficiency,
the limitations of density functional approximations are well-
known,” especially for strongly correlated systems. On the
other hand, the exact method for solving the many-electron
Schrodinger equation within a given basis set, namely, full
configuration interaction (FCI) or exact diagonalization,2 has
an exponential scaling with respect to the system size in both
physical memory and computational time.

Quantum computing is promising for simulating interacting
many-body systems including molecules.”™® To date, quantum
simulations of molecules on the present noisy intermediate-
scale quantum (NISQ)’ devices have almost exclusively
focused on the ground state |¥,) and the associated energy
Ey,'7"° which is the very first step toward simulating
molecular properties. Computing (frequency-dependent)
linear and nonlinear response properties is far more
challenging because they implicitly involve not only the
ground state but also all the excited states.” While it is possible
to compute response properties using the sum-over-state
formula (see eq 1) with individual excited states computed by
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existing quantum algorithms, such an approach will
quickly become impractical as the number of excited states
grows exponentially with the system size. Previous quantum
algorithms for linear response functions largely rely on
computing time-correlation functions using quantum com-
puters,”””

frequency domain on classical computers. Very recently, they

have been realized for spin- - Heisenberg models (with up to

2
. . 23-25
four sites) on superconducting quantum processors.

%5 which can later be Fourier transformed to the

. . . . —iflt
However, as implementing the time evolution operator ™"

with the molecular Hamiltonian H,, requires a formidably large
circuit depth, which at least scales as O(n*) with respect to the
number of qubits n*°"*® or O(n?) with low-rank approx-
imations™” asymptotically, it is difficult to apply these
algorithms for molecules on NISQ_devices. Thus, computing
molecular response properties on near-term quantum hardware
remains an open problem.

In this Letter, we describe a pragmatic quantum computa-
tional approach for computing linear response properties,
which circumvents the need for deep quantum circuits.
Specifically, we propose efficient quantum circuits to solve
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Figure 1. Quantum computation of linear response functions y(w). (a) Quantum circuit for computing the dynamical correlation function (¥

P(t)P,]¥,) where R is the Hadamard gate H (or X,

/,) for computing the real (or imaginary) part. (b) Quantum circuit for computing (x!

P|Wo){WoIPlx) with [¥)) = U,l0) and lx) = U,10). (c) Two-qubit simulations of H, and polyacenes: PQCs for ['¥,) and |x) as well as the quantum

circuit for computing |<‘I{)|V+A(w)|x)|z. (d) Four-qubit simulations of CO: PQC for Ix) and the two quantum circuits for computing

I(‘POIVTA(w)lx)IZ. The red dashed box represents the entangling gate generating a spin singlet pair %(IOI) + 110)) between the two qubits.

the frequency-domain linear response equation in a variational
hybrid quantum-—classical way. Together with an error
mitigation (EM) strategy based on symmetry projection to
mitigate the impact of noise inherent in NISQ devices, we
realize the first simulation of linear response properties of
molecules including dynamic polarizabilities and absorption
spectra on a programmable superconducting quantum
processor.”’ The present approach can be easily extended to
simulate other important dynamical properties, such as Green’s
functions and nonlinear response properties, and is also
applicable to other platforms such as trapped-ion systems.'**"

Variational Quantum Response (VQR) Algorithm. We
consider the computation of the following linear response
function, which characterizes the first-order response of
molecules to an applied external field

(P 1V 1)1
A=

m

1

where @ represents the frequency of the external field and the
parameter y determines the frequency resolution, which is
usually adjusted to best fit an experimental spectrum of
molecules.’ Depending on the perturbation V, y(®) can be
dynamic polarizabilities, magnetic susceptibilities, Green’s
functions, etc. It encodes all the information on the excitation
process from the ground state ['¥;) to the mth excited state ['¥,)

due to the perturbation V, viz., the excitation energy ,, = E,,

— E, and the transition amplitude (¥ |V I¥)/*. Exact
calculations of y(®) on classical computers are generally
intractable, as the number of excited states scales exponentially
with the molecular size.”> To compute y(w) on quantum
computers, an appropriate Fermion-to-qubit mapping27’32 is
first applied to transform H, and V for electrons to their

counterparts for n qubits, i.e, Hy = 2 B and V= 2 P
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which are linear combinations of Pauli terms
P=0f ® 0 ® - ® o, with 6, € {I, X, Y, Z}. For spin
models with a much simpler H, previous quantum

algorithmszz_25

AT, A
C(t) = (Blv (t)VllP0> = sz Vl"k("Polpl(t)PkllPd
B(t) = e™Pe™™ ysing the quantum circuit for (W,lP(t)

P,/¥,) shown in Figure la repeatedly for different time ¢ and
then performed a Fourier transform to obtain y(w). However,

computed the dynamical correlation function

with

as the number of Pauli terms in H, scales as O(n*) for

molecules, implementing ™’ Hot re%ulres a large circuit depth,
which at least scales as 0(n*)**™** or O(n?) with low-rank
approximations asymptotically, which makes the application
of these algorithms to molecules on near-term quantum
hardware very challenging.

To overcome this difficulty, we adopt the frequency-domain
formulation for response properties,”> >° which avoids the
formidable sum over all excited states in eq 1 by introducing an
auxiliary response state |¥(w)) satisfying

Al)¥(w)) = VI¥,),

Aw) = By — Ey — (@ + if)

)
such that y(w) becomes a simple expectation value
y(w) = (‘P(a})lAT(w)l'{"(a))) similar to the energy
E, = (¥,JH,¥,). It has been shown that using the Harrow—
Hassidim—Lloyd (HHL) algorithm™ or its improvements®’ ~>”
to solve the linear response eq 2 can offer an exponential
speedup®® over classical FCl-based response algorithms,”
provided the ground state [¥;) has been prepared on quantum
computers. However, realizing these quantum algorithms faces
the same difficulty as implementing the time evolution on
NISQ_ devices. Following the variational hybrid quantum-—

https://doi.org/10.1021/acs.jpclett.2c02381
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classical algorithm for linear system of equations, we

present a pragmatic algorithmic primitive for solving eq 2,
which can also be extended to high-order response equations
for nonlinear response properties. Suppose the ground state
has been prepared by I¥)) = Uo(éoopt)m), where Uo(éo) is a
parametrized quantum circuit (PQC) with a set of free angles
50 whose optimal values can be determined using the
variational quantum eigensolver (VQE).'”** To solve eq 2,
one can design a PQC Ul(él) for the normalized response state
at a given frequency lx) =¥ (w))/|[I¥(w))|| = U1(§1)|0>, and

: 7 opt L
then find the optimal parameters 6, by minimizing a cost
function constructed using the Cauchy—Schwarz inequality

L) = (B0 VYA (w)A(w)lx) — KBV A(w)lx)
(3)

which obeys L(é;) > 0. Its minimum is uniquely achieved at

lc) o A_l(w)VI‘P0> for the nonsingular operator A(w). Note
that the choice of cost functions for solving eq 2 is not
unique,*”*" and our choice has the advantage that the squared

cross term |('PO|VTA(w)|x>|2 can be computed with less
controlled operations (vide post), which are more friendly

for NISQ_devices. With élopt obtained at a given frequency,
(@) can be computed from (see the Supporting
Information*?)
PN
N IV VI
y(w) = (xlAVw)Ix)%
A (w)A(w)lx) (4)

The expectation values in eqs 3 and 4, ie, (‘I’OlVTVl‘PO),

(xlAT (w)A(w)lx), and (xIAT(w)|x>, can be simply computed
by measurements after preparing I¥,) or Ix) on quantum

computers. The computation of |<‘POITA/TA(Q))Ix>|2 in eq 3 is
A
more involved. Using the expansion V A(w) = Y, c(w)B,

derivable from the expansions for V and H,, |(‘P0|1A/1A(w)|x)|2
becomes Zlk t(w)c (@) {xIPI¥,)(¥P,Jx). We introduce a
quantum circuit for computing (x|P|¥)(WolPilx) with an
ancilla qubit (Figure 1b), whose depth is dominated by the
sum of depths for Uo(éoopt) and U,(6)). Unlike previous work

40,41

using the Hadamard test, this scheme does not require any

. —opt -
controlled operation on Uy(6, ) nor U/(8,). Moreover, for
certain problems with symmetries, the computation of

|<‘I’0|\7TA(w)|x>|2 can be further simplified to quantum circuits
without the ancilla (see Figure 1c,d as well as the Supporting

Information™’ for details). With low-depth ansitze'” for Uo(éo)

and Ul(él), the present algorithm is more feasible on near-term
quantum hardware than existing quantum algorithms for
response properties.”” >

The present algorithm adds two new contributions to the
arsenal of quantum computational chemistry.”~" First, the
unique feature of VQR is that it enables the computation of
linear response properties directly in a frequency region of
interest. The calculations for different frequencies are
completely independent and hence can be carried out in
parallel. Second, as a method for simulating excitation spectra,

9116

VQR is more advantageous than quantum algorithms solely for
excited states'®™”' in several aspects. It not only gives peak
positions but also provides relative transition strengths
simultaneously. Besides, in the frequency region with a large
density of states, performing the slowly convergent sum in eq 1
by computing excited states is cumbersome, and the implicit
sum using VQR is more elegant.

Hardware Implementation and Error Mitigation. With the
VQR algorithm, we are able to perform the first quantum
simulation of linear response properties of molecules on a
superconducting processor, including dynamic polarizabilities
of the hydrogen molecule (H,), ultraviolet—visible (UV—vis)
absorption spectra of polyacenes, and X-ray absorption spectra

of carbon monoxide (CO). In these cases, V is a dipole
operator (&, 7, or Z), such that y(w) represents the resonant
contribution to dipole polarizability, whose imaginary part is
related with the linear absorption of radiation o,(®w) by a

randomly oriented molecular sample in the electric-dipole
4w

approximation,3 viz.,, o, (w) = Imy(w) with ¥

c

%(}(xx + X, + )(ZZ) and ¢ being the speed of light. The line

shape of 6,,,(w) can be understood by noting that Imy(w) =
TN g ighted

G @Ay | w0 Ty 18 @ Wetghte
superposition of Lorentzians with a common full width at half-
maximum (fwhm) of 2y.

The superconducting quantum processor’’ used in our
simulations consists of 20 frequency-tunable transmon qubits
connected via a central resonator, which was employed before
for realizing quantum generative adversarial networks** and
characterizing multiparticle entangled states.”® A special feature
of this device is that the ViSWAP,  gate can be realized
between any pair of qubits. The fidelity characterized by
quantum process tomography*®*” is 0.9806 for the ~/iSWAP
gate in the simulations of H, and polyacenes with circuits
shown in Figure 1c, while the average fidelity for the three
ViSWAP gates in the simulations of CO with circuits shown in
Figure 1d is slightly lower (ca. 0.9651). More detailed
information about the device and experimental setup can be
found in the Supporting Information.*

Since we mainly focus on the feasibility of VQR on NISQ
devices in this work, we employ PQCs capable of encoding the
exact ground or response state as variational ansitze and
perform numerical optimizations by scanning the entire
parameter space (instead of using a classical optimizer). To
mitigate the impact of noise, we employ a simple EM strategy
based on symmetry projection for expectation values in VQE/
VQR, which is similar to the EM strategy by symmetry
verification.'™*® Specifically, to improve the estimate of

(PIOI¥) for a quantum state [¥) with certain symmetry and
an operator 0] (e.g, I:IO, A(w), AT(w)A(w), and VTT?)
commuting with the associated symmetry projector P (viz.,
PIP) = I¥) and [0, P] = 0), instead of using the raw result
(PIOIPY™ = tr(pexpé), we can use (PIOIPYM = tr(p 0) =

proj
tr(?pexppé)/tr(pexpp) tr(pexpép)/tr(pexpp), where
tr(pexpép) and tr(peXPP) need to be measured on quantum

computers and Poroj

projected density matrix with unphysical components outside

= pexpp/tr(pexpp) is the symmetry-
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Figure 2. Ground-state energies and dynamic polarizabilities of H, at three representative bond distances from two-qubit simulations. (a) Ground-

state energies computed using VQE without (blue) and with EM (red). (b—d) Real and imaginary parts of dipole polarizability y(w) for V =%and
y = 0.1 au computed using VQR without (blue) and with EM (red) at different bond distances.

the correct subspace due to noise removed via symmetry
projection. The specific form of # for each molecule can be
found in the Supporting Information.”” The use of EM is
found to be essential for the accuracy of the simulated spectra,

since the demoninator (xlAT(w)A(w)lx) in eq 4 is crucial for
determining peak positions and heights.

Because of its conceptual simplicity, H, in a minimal basis
set has become a test bed for new quantum algorithms.m_H’49

We compute its dipole polarizability for V = 2 and y = 0.1 au
using VQR at three representative bond distances, viz., R = R,
(the equilibrium bond length*°®), 2R,, and 3R, which cover the
weak, intermediate, and strong electron correlation regimes.
Figure 2 displays the ground-state energies and dynamic
polarizabilities obtained by VQE and VQR, respectively, using
the quantum circuits shown in Figure lc. In both VQE and
VQR, EM with a spatial symmetry projector leads to a better
agreement with the corresponding FCI values than the raw
results. This is particularly the case for the peaks of Imy(w)
predicted by VQR for the transition from the ground state
|1'~I:;) to the first singlet excited states I'¥,). Meanwhile, small
deviations from the FCI curves are observed for y(w) at @
around 0.6, 0.1, and 0.0 au for R = R, 2R, and 3R,
respectively. These frequencies turn out to be exactly the
position of the first triplet excited state P'¥,) at each geometry
(see the Supporting Information™’). Around these regions, the
two terms in L(6,) are very close to each other and the
difference is on the order of . Consequently, the computation
of L(6,) is prone to noise on each term, such that the

optimized angle §"" becomes less accurate. Improving the

9117

two-qubit gate fidelity will alleviate this problem (see the
Supporting Information*’), and further applying a spin
symmetry projector to filter out triplet states will completely
remove the small spurious speaks in Imy(®). Comparison with
(@) computed using the Hartree—Fock method and DFT
with some popular exchange—correlation functionals (see the
Supporting Information*’) reveals the limitation of these
approximate methods in the strong correlation regime, for
which VQR may become a better computational tool in the
future.

Next, we examine the potential of VQR in solving important
realistic problems. We apply VQR to simulate the first
absorption band (the so-called 'L, or p band’') of polyacenes
due to the transition from the highest occupied molecular
orbital (HOMO) to the lowest unoccupied molecular orbital
(LUMO), which is the most relevant band for their
applications as optoelectronic devices.”” As qubit resources
are currently quite limited, simulating the entire molecule
remains impossible for polyacenes. Thus, we combine VQR
with the complete active space (CAS) model,”” in which only a
selected number of electrons and orbitals are treated at the FCI
level. Figure 3 shows the computed UV—vis absorption spectra
Ops(@) for polyacenes (including naphthalene, anthracene,
tetracene, and pentacene) using a minimal active space
composed of HOMO and LUMO with two active electrons,
denoted by CAS(2e,20). The same quantum circuits (Figure
1c) as for H, are used in VQE and VQR for the reduced active-
space problems, but a smaller y (0.01 au) is used for a better
resolution in the UV—vis region. Compared with the
VQR(raw) results for H,, the VQR(raw) results here show
less good agreement with the FCI references, because the

https://doi.org/10.1021/acs.jpclett.2c02381
J. Phys. Chem. Lett. 2022, 13, 9114-9121
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Figure 3. UV—vis absorption spectra 6,,(@) (y = 0.01 au) from two-
qubit simulations using VQR for polyacenes. Experimental absorption
spectra®’ (dotted lines) are shown for comparison. All the computed
spectra have been shifted by —1.9 eV estimated using perturbation
theory for dynamic electron correlation (see the Supporting
Information®?).

computation of the denominator (xIAT (w)A(w)lx) in eq 4 is
more sensitive to noise for smaller y. Even in this case, the
VQR(EM) spectra agree well with the FCI spectra, except for
the appearance of a small spurious peak around 2.3 eV for
naphthalene due to the same problem found for H,. Compared
with the experimental spectra of polyacenes,”’ our simulations
successfully reproduce the remarkable red shift as the number
of rings increases. To have a better quantitative agreement,
dynamic electron correlation and vibronic couplings need to be
taken into account in the future. Although not illustrated in
this work, we mention that the VQR algorithm is also
applicable to simulating emission spectra, provided the initial
excited state is prepared on quantum computers, e.g., using the
variational quantum deflation method."®

Finally, we apply VQR to simulate X-ray spectroscopies,
which are widely utilized for probing local molecular and
electronic structures but remain challenging for theoretical
prediction.’®” The carbon K-edge and oxygen K-edge
absorption spectra of CO are simulated using VQR with a
CAS(4e,30) model composed of o, , 0y, , and 7 orbitals. The
ground state is well-approximated by the Hartree—Fock state,
I¥,) = U,l0) with U, = XX, X,X;. For V = &, a response state
can be exactly parametrized by lx(0, ¢)) = U,(0, ¢)I0) =
cos gll‘llalso_,ﬂ:) + sin gei(/’ll‘lfﬂlsc_,ﬂ:) with two free angles 6
and ¢, where Uy(6, ¢) is the PQC in Figure 1d and
Il‘F(,lso_,ﬂj) (ll‘Pﬁlsc_, 7)) represents the singlet excited state due

to the transition from the core orbital oy (Glsc) to the

unoccupied orbital z*. Figure 4a displays the simulated spectra
0.5(®) using VQR. It is clear that the improvement by EM is
essential. While the VQR(raw) spectrum almost vanishes, the
VQR(EM) spectrum has two obvious absorption peaks.
Compared with the previous two-qubit simulations, the
deviation of the VQR(EM) spectrum from the FCI reference
is larger for peak heights. To better understand this
discrepancy, we also measure the spectra using the theoretical
angles (6%, ¢*) for L(6, ¢) at each frequency (denoted by
VQR(EM*) in Figure 4a) and compare the corresponding

values of (xlA+ (w)A(w)lx) in eq 4 obtained using the
experimentally optimized (6°*, ¢°**) and the theoretical angles

(see Figure 4b). This comparison reveals that the deviation in
peak heights is not dominated by errors in the optimization of

w (eV)

Figure 4. X-ray absorption spectra of CO from four-qubit simulations.
(a) Simulated spectra og(@) (V = & and y = 0.5 au) using VQR.
VQR(EM*) represents the spectrum measured at the theoretical
angles (6%, ¢*) at each frequency. Experimental core excitation
energiesﬂ”5 (vertical dotted lines) are shown for comparison. (b)
Results for (aclz:ldr (@)A(w)lx) using the experimentally optimized (6°,
@) (labeled by raw and EM) and the theoretical (6%, ¢*) (labeled
by raw* and EM*) at each frequency, compared against the exact
curve (black line).

L(6, ¢) but is mainly due to errors in computing

(xlAT(a))A(a))lx) arising from experimental imperfections,
such as the lowering of two-qubit gate fidelities in realizing
the quantum circuit for lx(, @)) (Figure 1d). Therefore, a
further reduction of the deviation can be anticipated using
better quantum hardware with higher two-qubit gate fidelities
or more sophisticated EM strategies developed for VQE®® in

computing (xlAT(w)A(w)lx). Note that even though the peak
heights in the present VQR(EM) calculations are not ideal, the

o ) 1 1
core excitation energies for I‘-I’,,“O_,”ﬁ and I‘P,,ISC_,%f)

determined by the peak positions are still reasonably good.
The remaining discrepancy with the experimental core
excitation energies obtained from high-resolution photo-
absorption spectra®®”> can be improved by employing a larger
active space and a better basis set in future work.

In conclusion, we introduced a quantum algorithm feasible
on near-term quantum hardware for computing molecular
linear response properties. While the reported experimental
results are not perfect because of the presence of noise, the
validity and feasibility of the VQR algorithm are clearly
demonstrated. The results highlight that it is the combination
of three key innovations, ie., frequency-domain formulation
for response properties, variational algorithms for linear
response equation with low-depth quantum circuits, and
error mitigation techniques, that makes the simulation of
molecular linear response properties possible on NISQ devices
for the first time. This work suggests that a large class of
important dynamical response properties such as emission
spectra, Green’s functions, and nonlinear optical properties are
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accessible on near-term quantum hardware using the VQR
approach. Moreover, the present approach is not limited to
superconducting devices but is also applicable to other
quantum computing platforms. Many improvements from
different aspects can be easily envisaged, such as lowering the
number of measurements, employing better EM techniques,
using quantum gradients in optimizations,"* as well as
improving quantum hardware. Therefore, we believe that the
present algorithm opens the door for applying quantum
computing for simulating static and dynamical response
properties of more complex molecules and condensed-phase
systems in future work.
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