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Controlled-NOT Gate Based on the Rydberg States of

Surface Electrons

Jun Wang,* Wan-Ting He, Cong-Wei Lu, Yang-Yang Wang, Qing Ai, and Hai-Bo Wang*

Due to the long coherence time and efficient manipulation, the surface
electron (SE) provides a perfect 2D platform for quantum computation and
quantum simulation. In this work, a theoretical scheme to realize the
controlled-NOT gate is proposed, where the two-qubit system is encoded on
the four-level Rydberg structure of SE. The state transfer is achieved by a
three-level structure with an intermediate level. By simultaneously driving the
SE with two external electromagnetic fields, the dark state in the
electromagnetically induced transparency effect is exploited to suppress the
population of the most dissipative state and increase the robustness against
dissipation. The fidelity of the scheme is 0.9989 with experimentally

achievable parameters.

1. Introduction

Universal quantum logic gates!!?] are the key elements of quan-
tum information processing’®! and quantum simulation.l*”]
In recent years, many schemes of quantum logic gates have
been proposed in various physical systems,!®!l such as su-
perconducting qubits,[*>"'7] nuclear magnetic resonance (NMR)
systems, 18191 cavity quantum electrodynamics (QED),?*%3 cir-
cuit QED, 2261 jon traps,!¥~?°! quantum dots,1?%*!] and nitrogen-
vacancy centers in diamond.?2*1 Among the above proposals,
the controlled-NOT (CNOT) gate is one of the most attractive
quantum gates, because it can be used to realize universal quan-
tum logic gates with the aid of single-qubit gates.I'! A feasible
quantum gate requires the operation time to be shorter than
the coherent time of the system; thus, the fast manipulation
plays the significant role in quantum gates. Some previous works
have utilized the electromagnetically induced transparency (EIT)
effect!>9 to reduce the influence of dissipation and acceler-
ate the manipulation.[**#!l The EIT effect is due to the coherent
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interference among different transition
pathways, which is different from the
Autler-Townes splitting.[*?]

The surface electron (SE) on the sur-
face of liquid helium provides a con-
trollable 2D quantum system to study
the behavior of strongly correlated elec-
trons. The SE is attracted by the in-
duced image charge inside the liquid he-
lium and concurrently repulsed by the
helium atoms, and therefore, the motion
perpendicular to the surface is confined
and forms a hydrogen-like spectrum.**!
Meanwhile, the SE can move freely par-
allel to the surface, forming a perfect
2D electron system free of the defects
and impurities present in semiconductor
devices.**] The 2D electron system possesses the quantized
orbital states when electrons are trapped in an electrostatic
potential.[*] Both the Rydberg and orbital states can be coupled
to the spin states of electrons,[**~*8) which have a much longer
coherence time than other solid materials,[*) making them an
excellent resource for quantum computing. The SE can be ma-
nipulated and detected by the circuit QED architecture, which
combines the superconducting coplanar-waveguide resonator
and the electron trap.[**%] In addition, the SE can also be manip-
ulated and transported through the microchannel devices which
are fabricated on the silicon substrate and filled with the su-
perfluid helium.>'->8] The unprecedented transport efficiency of
such microchannel devices*®l manifests the applications of SE in
the large-scale trapped-ion quantum computing.[%]

The highly excited Rydberg state of neutral atoms is a promis-
ing candidate for quantum information processing, benefit-
ing from its long coherence timel®l and strong long-range
interactions.[®?] The SE system can be used to simulate Rydberg
states!**] because it has the same hydrogen-like energy spectrum
as Rydberg atoms. At low temperatures, the dissipation of SE is
mainly due to the height variations of the helium surface, which
can be quantized as ripplons.[*/ The lifetime T, exceeds 10 ps at
10 mK, which is sufficiently long compared to the Rabi frequency
Q, that is, QT; > 10*.31 A more realistic lifetime measured by
some recent works!*#63-%1 ig 1 ps, which is adopted by our work.

Here, we present a scheme to realize the CNOT gate in a
single SE system. We encode the two-qubit system in the four-
level Rydberg structure of SE. The first qubit represents whether
the electron is close or far away from the liquid surface, that is,
whether the electron is in the “lower” or “upper” mode. Each
mode comprises a two-level system, which is labeled by the sec-
ond qubit. This proposal is analogous to the hyperentanglement
that combines several degrees of freedom (DOFs) of a single
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particle, such as the spatial mode and the polarization of a sin-
gle photon.[°6-8] Although the multilevel structure is difficult to
be scaled up on a single electron, it can be scaled up with the
assistance of adjacent electrons or different DOFs. The dipole—
dipole interaction of neutral atoms has been used to realize the
quantum gates.[*19) Recent work based on the SE has proposed a
scheme to couple two adjacent electrons and scale up the system
via the dipole—dipole interaction of electron in different Rydberg
states.[*8] Meanwhile, the Rydberg states and the spin states of the
SE can be coupled via an inhomogeneous magnetic field.[**7°1 On
the other hand, the SE is also a promising platform for quantum
simulation,*7! and the four-level structure in our scheme can
be used to simulate the quantum coherent effects of multilevel
molecules such as the four-level pigment—protein molecules in
photosynthetic light harvesting.[”!]

Since the highly excited Rydberg states are sensitive to the fre-
quency fluctuation of the driving fields!®?] and their level spacing
is narrow, the direct driving for state transfer could easily cause
the undesirable transitions to other neighboring states. There-
fore, to accurately achieve the transition between |10) and [11),
we use an intermediate level to avoid the undesired transitions
to other highly excited states. By applying two driving pulses si-
multaneously, we exploit the dark state in the EIT effect®7? to
reduce the population of the most dissipative intermediate level
and increase the robustness against dissipation.

This paper is organized as follows. In Section 2, we describe
the coherent-driving scheme based on the Rydberg states of SE.
In Section 3, we compare our scheme with other schemes and
show how the CNOT gate was accelerated by the two simultane-
ous driving fields at the same time. We also investigate the effects
of detuning and dissipation on the fidelity. Finally, we conclude
the work and give a prospect in Section 4. In Appendix A, we an-
alyze the decay mechanism of the excited states. In Appendix B,
we provide the eigenvalues of the non-Hermitian Hamiltonian
by the perturbation theory.

2. The Model

As shown in Figure 1a, along the direction z perpendicular to
the interface, the SE is attracted by the induced image charge
inside the liquid helium and concurrently repulsed by the he-
lium atoms, and therefore, the motion of the SE is confined

(@) (b)
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n=1

|00)

Figure 1. Schematic diagram of the CNOT gate based on SE. a) The SE
on the surface of liquid helium. b) The two-qubit system is encoded in
the four-level SE Rydberg states, where two coherent driving fields with
frequencies @; and Rabi frequencies Q; (j=1,2) are applied simultane-
ously. Here, A, and A, are the single-photon and two-photon detunings,

respectively.
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by the hydrogen-like potential V = —Ae?/z for z > 0, where e is
the charge of the electron and A = (¢ — 1)/[4(e + 1)] with the di-
electric constant e ~ 1.057. The quantized SE states possess the
hydrogen-like energy spectrum as [43, 73]

w_ me*A? R

== (1)

£ =
" 2h2n? n?

where m, is the mass of the electron, the positive integer n labels
the SE state, and R ~ 0.7 meV[*}] is the Rydberg energy. The wave
function of SE is [74]

v,(2) = Zn"s/zr:/zzexp <_ni> Lf},)l (2—Z> (2)

s nry
where r; = h2/(m.e*A) is the effective Bohr radius, and

L = 2L ey o)
is the Laguerre polynomial.

The expected positions (z),, = (v, |z|y,) of the electrons in dif-
ferent Rydberg states |y, ) are different. The electrons in higher
excited states are further away from the liquid surface. For exam-
ple, (2),/(z); =4, (2);/{z); =9, (2),/{z); = 16 and so on. This
phenomenon is remarkable for highly excited Rydberg states.
The expected position (z) has practical applications in physical
systems. For example, the electron with larger (z) has larger elec-
tric dipole moment and induces larger dipole-dipole interaction
with the adjacent electrons, and thus can be used to couple ad-
jacent electrons.[*'%] Meanwhile, in the gradient magnetic field,
the electrons with different (z) have different spin-level shifts due
to the Zeeman effect, and thus can be used to couple the Rydberg
states with the spin states.[*870]

Encoding a two-qubit system on a single electron is analogous
to the hyperentanglement which combines several DOFs of a sin-
gle particle.[®-%8] We consider the ground state and the first ex-
cited state of the SE as the “lower” mode and consider the highly
excited Rydberg states as the “upper” mode. The first bit indicates
which mode the SE is in. The “lower” mode is labeled as |0), and
the “upper” mode is labeled as |1). Each mode comprises a two-
level system, which is labeled by the second bit. Therefore, the
ground state with n = 1 is labeled as |00), the first excited state
with n = 2 is labeled as |01), the second excited state with n = 3
is labeled as |10), and the third excited state with n = 4 is labeled
as |11), as shown in Figure 1b. The CNOT gate in our scheme
means that the second bit flips only if the state is in the “up-
per” mode, while the second bit does not flip if the state is in
the “lower” mode.

The level spacing of highly excited Rydberg states is narrow
because the energy space AE, decreases with n. Moreover, since
the dipole moment matrix elements for the transitions between
highly excited states are large, the direct transition between these
states is sensitive to the frequency fluctuation of the driving
fields.[®?] This sensitivity of the direct manipulation of highly ex-
cited states could easily cause the undesirable transition to other
neighboring states. Therefore, we use the first excited state |01)
as an intermediate state to realize the state swap between |10)
and |11).

© 2023 Wiley-VCH GmbH
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Because the first excited state |01) is the most dissipative state
(see Appendix A), we exploit the dark state in the EIT effect to re-
duce the population on |01). Two driving fields with frequencies
®; (w,) and Rabi frequencies Q, (Q,) are used to drive the transi-
tion [01) = |11) (|01) = |10)), as shown in Figure 1b. The single-
photon detuningis A; = w; — (®;; — @y;) and the two-photon de-
tuning is A, = @, — w, — (wy; — ®,o), Where @y, @y, and w,; are
the energies of the states |01), |10), and |11), respectively. As the
driving frequencies are far detuned from the transitions between
|00) and other states, we consider |00) to be a decoupled state. In
the subspace spanned by {|01), |10), |11)}, the Hamiltonian is

H = wy,[01)(01] + ,,|10)(10] + @y, |11)(11]
—Q, cos, £{]01)(11] + [11)(01])
— Q, cos ,£(]01)(10] + [10)(01]) (4)

where 7 = 1. In the rotating frame with driving frequencies U =
exp[iw;t]01)(01| + i(w; — w,)t|10)(10]|], under the rotating-wave
approximation,[”>7¢ and taking w,,; = 0 as the zero point of en-
ergy, the matrix form of the Hamiltonian reads

.
H, = i% U+ UHU

24, 0 (5)

The evolution of the system can be described by the quantum
master equation!”’]

2 p==ilH, o~ (o) (©)

where the Lindblad operator is
1
L(p) = k,[101)(011p]01)¢01] = S{|01)(01], p}]
1
+ K,[110)(101p[10)(10] — ={]10){101, p}]

+ [ 11T p11)(11] — %{|11>(11|,ﬂ}] )

with {A, B} = AB + BA being the anti-commutator, and «,, ,,
and k; being the decay rates of the states |01), |10), and |11),
respectively. In our scheme, the electron is only confined by the
image potential and no electric holding field is applied. In this
case, the decay rates of the Rydberg states of the SE decrease
with n (cf. Appendix A). Thus, in the analytic calculation, we
mainly consider the dissipations of the energy levels |01) and
|10) and neglect the dissipation of |11), while all of the dissi-
pations are considered in the numerical simulation. It is note-
worthy that in experiments there is usually an electric holding
field E, applied perpendicular to the liquid surface. For the ex-
perimental configuration such as E, ~ 200 Vcm~ '8 and E, ~ 1
kV cm~1,8°% the decay rates of the Rydberg states of the SE in-
crease with n (cf. Appendix A). Recent works have provided ef-
ficient quantum algorithms to simulate the quantum open sys-
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tem both theoreticallyl”®! and experimentally,!”!] even for the non-
Markovian process.”?]

To solve the time evolution analytically, we neglect the quan-
tum jump term and describe the evolution by the Schrodinger
equation with the following non-Hermitian Hamiltonian:

4 LKy K
HY=H;- l?|01><01| - 17|10)(10|
1 =26, Q,
=-3 Q, =25, 0 (8)
Q, 0 0

where 6, = A, —ix,/2, 6, = A, — ik, /2. When 6, < Q,,Q,, we
take &, as the perturbation term. The approximated eigenstates
by taking 6, = 0 are [35]

|a,) = —sin6|10) + cos 6|11)

|a,) = cos ¢|01) + cos 0 sin ¢|10) + sin O sin ¢p|11) 9)

|a;) = —sin ¢|01) + cos O cos ¢|10) + sin 6 cos ¢|11)

where the mixing angles are tan 6 = Q,/Q, and tan2¢ = Q/6,,
and Q =

there is no population on the state |01). As shown in Appendix B,
the first-order approximations of the eigenvalues are

1/ Q2 + Q2. Ttis noteworthy that |a, ) is a dark state since

Qo Qi
E~=4+214+_25 10
R R TvL) (10)

2
2

1
2 T

The time evolution of the initial state |y (0)) = C;|a,) + C,|a,) +
Cslas) is

ly () = Cle_iElth) + Cze_iEztmz) + C3@_iE3t|a3>
= (C, cos e~ B! — C, sin pe™5)|01)
+ (=C, sin fe~"F1* + C, cos 0 sin e 2!
+ C; cos 0 cos e~ 10)
+ (C; cos Be™ 51" + C, sin 0 sin e 2!

+ C, sin 6 cos e~ "B |11) (11)

The key point of the CNOT gate scheme is to swap the popu-
lation of |10) and |11), while maintaining the low population of
[01) in the final state. The state swapping is based on the popula-
tion oscillation. As E; < E,, E;, the main oscillation factors are
exp(—iE,t) and exp(—iE;t). To achieve the maximum population
reversal of [10) and |11), these two oscillation terms exp(—iE,t)
and exp(—iE;t) should have the same period. The synchroniza-
tion of exp(—iE,t) and exp(—iE;t) requires E, = —E;, so &, and &,
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must be much smaller than Q, that is,
tang =1 (12)

Meanwhile, the oscillation term in the coefficient of |[10) and |11)
must be the same, which means that cos § = sin 6, that is,

Q =9, (13)

Under these conditions, if the initial state is |y/(0)) = |10), the
final state is

Qt 7L21 Zt

lw(t) = <; cos =-¢ %e’i%’>|10)

- sm% i 1Jr2t|01)

V2
Qt _1201”2 :

+<1cos—e
2

: ;e‘i?*)m) (14)

If the initial state |y (0)) = |01), the final state is

(1) = — —= sin 2524 10)
vz o2
+cos% -2 Z‘|01)

- L sm% -IEE ) (15)

V2
If the initial state |y (0)) = |11), the final state is

26146
w () =(3 cos e

. - 2 H)10)

~ L sin g;t i 62t|01)

\/E

1 Qt Zél‘r”zt 1 ,iizt)
+ = = 11 16
(5 cos S ™ 4 27 ) 11) (16)

The time evolution of different initial states is shown in
Figure 2. The Rabi frequency Q = 10° s~![*}] and the decay rate
Kk, = 106 71,1464 thus, k, /Q = 1073, We take «, = 0.3439«, and
k3 = 0.1520x, according to Appendix A. The maximum popula-
tion reversal between |10) and |11) is reached when Qt = 2. The
analytical solutions are in good agreement with the numerical so-
lutions calculated by Qutip.!8*8!]

3. Fidelity Analysis

Since the driving frequencies are far detuned from the transition
between |00) and other states, we consider |00) to be a decou-
pled state. From the time evolution in Equations (14)-(16), the
maximum population reversal between |10) and |11) is achieved
when Qt = 2x. The state fidelity F between the final state p(t) and
the ideal target state p; is defined as [82, 83]

2
F= (Tr \/p_ip(t)\/;i> (17)
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Figure 2. The populations P(t) of different states with the initial state
[10) and the dissipation rates x7/Q = 1073, k, = 0.3439, and k3 =
0.1520x4. The solid lines are the analytic solutions and the dots are the
numerical solutions by the quantum master equation Equation (7).

In our coherent-driving scheme, two driving fields interact with
the SE simultaneously, with the dark and bright states being used
equally for the state transfer. The maximum fidelity is achieved
when t=2x/Q, as shown in Figure 3c. For comparison, we
show the result of the two-step driving scheme in Figure 3b. We

(@) (b) Stepl  Step2

Simultaneous r Q\ r Q\
(971 Q,

10) 4= f01) 4= (@) j10)

D (t) (1)
Qu(t) M(t)
n t
(c) 1 :
7
Coherent driving 7
/
0.8 - |—-—-Two-step driving ./‘ )
/
./'
/
o6t / |
= /
& /
041 ! ]
’/
'/
02} ! ]
7
/
A/’
0 ‘ |

0 0.5 1 L5 2 25 3

Qt/m
Figure 3. a) Schematic diagram of the coherent-driving scheme. b)

Schematic diagram of the two-step driving scheme. c) The fidelity F of the
state transfer | 10) — |11). The dissipation rates are the same as Figure 2.
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Figure 4. State fidelity versus the single-photon detuning A, and the two-
photon detuning A,. The dissipation rates are the same as Figure 2.
The solid (solid-dot) line shows the dependence on A; (A,) with A, =0
(A, =0).

derive the population reversal between |10) and |01) by the first
driving pulse Q (t), and then derive the population reversal be-
tween |01) and |11) by the second driving pulse Q, (t). The maxi-

mum fidelity is achieved when ¢ = 2 \/En' /Q, which is longer than
the coherent-driving scheme. In addition, the two-step driving
scheme can only achieve the one-way state transfer based on the
driving pulse sequence, but a NOT-gate requires the bidirectional
transfer with the same driving pulse sequence.

In Section 2, we have found that A; needs to be much smaller
than Q in order to synchronize the oscillation terms exp(—iE,t)
and exp(—iE;t). When the single-photon resonance condition is
invalid, the fidelity of the state transfer decreases, as shown in
Figure 4. It is noteworthy that the oscillation period changes with
A, . Thus, the fidelity is calculated at the maximum in the first pe-
riod. On the other hand, when A, becomes large, the perturba-
tion method is invalid, but the evolution of the states can still be
derived from the master equation. As shown in Figure 4, when
the two-photon resonance condition is invalid, the fidelity of the
state transfer decreases because the EIT effect is suppressed.

Figure 3c only shows the fidelity of the state transfer with the
input state |10). In Table 1, we present the output state fidelities
of the CNOT gate under typical input states. When the control
bit is |0), the target bit remains in the initial state. When the
control bit is |1), the target bit flips. Meanwhile, when the in-
put state is a superposition state, the output also corresponds to

Table 1. The output state fidelities of the CNOT gate under typical input
states. The dissipation rates are the same as Figure 2.

Input state Ideal output state Fidelity
100) 100) 1

|01) |01) 0.9987
|10) [11) 0.9987
[11) 110) 0.9987
(10) +11) ® 10)/V2 (100) +11))/V/2 0.9990
(10)+11) ® 11)/V2 (101) +110))/V/2 0.9980
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(a) Real part of p (b)

Imaginary part of p

0.6

[10) \10)|11> <00?0

Imaginary part of p

[11) <00§
(c) Real part of p (d)

Figure 5. The matrix elements of the output density operator when the
initial state is (|0) + (1)) ® |0)/\/Efor (a) and (b), and the initial state is

(10)y + 1)) ® |'I>/\/§ for (c) and (d). The dissipation rates are the same
as Figure 2.

the characteristic of the CNOT gate. The output density matri-
ces of (|0) + 1)) ® |0)/\/§ and (|0) + 1)) ® |1)/\/§ are shown
in Figure 5.

To demonstrate the characteristic of the entire gate, we calcu-
late the gate fidelity which is defined as [84, 85]

F= I\l]|Tr(ei¢ uu,| (18)

where N is the dimension of the Hilbert space, U, is the ideal
gate operation, U, is the real operation in our scheme, and ¢ is
a global phase to maximize F. Since the transitions between |00)
and other states are negligible, we can analytically derive the oper-
ation matrix of the CNOT gate in our scheme from the evolution
of different initial states:

1 0 0 O
0 a 0 O
U=lo o b ¢ (19)
0 0 ¢ b
where
a = e—(2K1+K2)IT/4Q
b= 16—(2K‘]+K2)J[/4Q _ le—)(zzr/zﬂ
2
c= %67(2K1+K2)7r/49 + %eﬂ(zn/ZQ (20)

This formula is obtained by an additional phase operation on
[01), |10), and |11), which adds a z phase to these three energy

© 2023 Wiley-VCH GmbH
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Figure 6. The gate fidelity between the ideal CNOT gate and the gate in
our scheme under different dissipation rates.

levels. Compared to the ideal CNOT gate

1 0 0 O
01 0 0

Ui= 0 0 0 1 (21)
0 0 1 0

the fidelity of U, is
1 T l+a ¢

F=2|Tr(UTU)| = £ 22
Lmuru = 1 L @

Experimental systems usually apply a vertical static electric

field E = E, 2, in order to tune the energy spacing between Ry-
dberg states. The lifetime of the excited state decreases with E |,
and for typical E; = 100V cm™, it becomes five times shorter.(®*!
Thus, in Figure 6, we analyze the gate fidelity under different dis-
sipation rates. The fidelity F > 0.99 in a wide range of «;, and
F =0.9989 with parameters k,/Q = 1073, which is experimen-
tally achievable.[#344:64]

4. Conclusion and Remarks

We haved presented a scheme to realize the CNOT gate in the
four-level Rydberg structure of SE. We use a three-level structure
to realize the state transfer. By applying two driving pulses si-
multaneously, we exploit the dark state in the EIT effect to sup-
press the population of the most-dissipative state and increase
the robustness against dissipation.[®¢] We obtain the time evolu-
tion of the system both analytically and numerically. We optimize
the Rabi frequencies and the detunings of the driving fields to
achieve the maximum population exchange of [10) and |11). The
optimal state transfer requires that both the single-photon and
the two-photon resonances are satisfied. We also calculate the fi-
delity of the state transfer and of the entire gate. The fidelity is
0.9989 with experimentally achievable parameters.

The CNOT operation involves a three-level structure whose
configuration can be the ladder type, V type, or A-type.3°] The
choice of configuration depends on the relative dissipation rates
of the three levels. In our scheme, we mainly consider the case
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without the electric holding field. In this case, the decay rates of
the Rydberg states decrease with n. Therefore, we choose the V-
type configuration to consider the most dissipative state as the
intermediate state and use the EIT effect to suppress the popula-
tion on this state. For the case with a considerable electric hold-
ing field, the decay rates are significantly different from those in
the zero-field case, and the A-type configuration of the three-level
structure should be chosen accordingly.

It is noteworthy that both the iSWAP gate and CNOT gate can
be used to construct universal quantum computation. The effi-
ciencies of these two gates are determined by the character of the
hardware. For example, in spin systems, it is easier to realize the
XY interaction by spin—spin interaction. Thus, the iSWAP gate
is more efficient in this circumstance.®”# In our scheme, we
only use the dipole transition of the surface electron, and thus,
iSWAP gates do not have the advantage of CNOT gates. If the
spin—spin interaction of surface electrons is used for quantum
computation, the iISWAP gate may be a more efficient candidate.

In our scheme, the first logical bit of the two-bit system labels
whether the electron is close or far away from the surface because
the expected positions of different Rydberg states are different.
The expected position (z) has practical applications in physical
systems. Recent works have used the expected position of elec-
trons to scale up the system. For example, the electron with larger
(z) has larger electric dipole moment and induces larger dipole—
dipole interaction with the adjacent electrons, and thus can be
used to couple adjacent electrons.l*%] Meanwhile, in the gradi-
ent magnetic field, the electrons with different (z) have differ-
ent spin-level shifts due to the Zeeman effect, and thus can be
used to couple the Rydberg states with the spin states.[*87% Our
scheme demonstrates the advantages of precise manipulation
on highly excited Rydberg states with narrow energy space and
therefore provides potential applications in the schemes based
on the dipole—dipole interaction of highly excited Rydberg states
and the coupling between the Rydberg states and the spin states.

Appendix A: Decay Mechanism of the Surface
Electron

The two-ripplon scattering in the short-wavelength range dominates the
decay mechanism at low temperature, and the decay rate of the first excited
state (n = 2) is expressed as [63-65]

m, k2 173
L (), () .
Tk 4mhap \ 4hla 0z /n\oz /2 2

where V(z) is the electron potential, k is the penetration depth of the elec-
tron wave function into liquid, « is the surface tension of liquid helium, and
p is the liquid mass density. The decay rate is determined by the diagonal
matrix element of 0V/dz and the energy difference A between the initial
state and the lower-lying Rydberg states that the initial state leaks to.

Since the spontaneous two-ripplon emission process decreases the en-
ergy of surface electrons, we neglect the leakage to the higher-lying Ryd-
berg states when calculating the decay rate. The decay rate of the highly
excited Rydberg state is the sum of the leakage to all lower-lying Rydberg
states, that is, the decay rate k(") of the Rydberg state with the quantum
number n is

5 (2) (2 o

© 2023 Wiley-VCH GmbH
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Table A1. The decay rates of five lowest excited states under the electric
holding field. Note that the dependence of k") on n is significantly differ-
ent for the case with and without the applied electric field.

E, (V/cm) K(3)/K(Z) K(4)/l<(2) K(S)/K(Z) K(G)/K(Z)
0 0.3439 0.1520 0.0795 0.0465
100 0.9807 1.0050 1.0442 1.0890
200 1.1260 1.2418 1.3552 1.4663
500 1.3233 1.5950 1.8487 2.0927
1000 1.4701 1.8800 2.2689 2.6477
where K,
2
MoK 1/3
_ e ( 4 ) (A3)
Axhap \ 4h2a

is a constant.

When there is no electric holding field, V(z) = —Ae? /z is the image po-
tential. The decay rates can be calculated from the energy spectrum (1) and
the wave function (2). As shown in the first row of Table A1, the decay rate
decreases with increasing n. This is because highly excited states are fur-
ther away from the surface. Since ripplons represent the height variations
of the helium surface, the couplings between the highly excited electrons
and ripplons are weak.

In experiments, there is usually an electric holding field E, applied per-
pendicular to the liquid surface. By considering E, as an uniform field, the
corresponding potential can be expressed as ¢E,z. As shown in the lower
four rows of Table A1, the decay rates of the excited states under different
electric holding fields are calculated from the eigen values and wave func-
tions, which are solved numerically. The energy level spacings between
higher-lying Rydberg states enlarge with increasing E,. Meanwhile, the SE
in the holding field is closer to the liquid surface than that without the hold-
ing field, especially for the highly excited states. Thus, for the experimental
configuration with a considerable electric holding field, the decay rates are
significantly different from the zero-field case according to Equation (A2).

Appendix B: Eigenvalues from the Perturbation
Method

Assuming that E, = —x/2, the secular equation of Equation (8) is

X2+ 2(8, + 8,)x + 4615, — Q%] — 2025, = 0 (B1)
where Q = \/Qﬁ + Qg To solve the secular equation, we assume §, as a

perturbation term and
X & Xoj + Aj52 (B2)
The zero-order terms satisfies

xoj[x(z)j +2(8) + 8,)xg; + 4615, — Q%] = 0 (B3)

and the solutions are

Xo1 =0,
Xoz = =67 =65 = \/ (87 — 8)% + Q?
61-6,
~ =61 =06, -Q— 20 (61— 62)
~ =01 — 06, —Q,
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Xo3 = =61 =8, +1/ (67 = §,) + Q2

13

51_52
=61 =8+ Q+ (81— 6y)

14

=67 — 6, +Q (B4)

The approximation is valid when 6;, §, < Q. Thus, the secular equation is
transformed into

(¢ = X01) (x — Xg2) (x — x03) — 2Q%8, =0 (B5)

Inserting x; & xo; + A6, we can obtain

202 202
A= — 1 o T
(Xo1 = X02) (Xo1 = X03) Q2
202 Q2
Ayfs — ———— v — (B6)
(x02 = %01) (X0 — X03) Q2
202 Q?
A= — 1 1
(x03 = X01) (X03 —X02) Q2
and the eigenvalues to the first-order approximation as
2
1
E'I =~ —252
2
Q & 2
B, =+ —+—=4 (B7)
272 T T g
&
Ea-24020, 25
2 2 202
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