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There is a remarkable characteristic of photosynthesis in nature, that is, the energy transfer efficiency is
close to 100%. Recently, due to the rapid progress made in the experimental techniques, quantum coher-
ent effects have been experimentally demonstrated. Traditionally, the incoherent theories are capable of
calculating the energy transfer efficiency, e.g., (generalized) Förster theory and modified Redfield theory
(MRT). However, in order to describe the quantum coherent effects in photosynthesis, one has to exploit
coherent theories, such as hierarchical equation of motion (HEOM), quantum path integral, coherent
modified Redfield theory (CMRT), small-polaron quantum master equation, and general Bloch-Redfield
theory in addition to the Redfield theory. Here, we summarize the main points of the above approaches,
which might be beneficial to the quantum simulation of quantum dynamics of exciton energy transfer
(EET) in natural photosynthesis, and shed light on the design of artificial light-harvesting devices.

� 2019 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.
1. Introduction

In the past two decades, quantum coherence phenomena have
been demonstrated to exist and even support the physiological
processes in biology [1,2], e.g., avian navigation and exciton energy
transfer (EET) in natural photosynthesis. The former has been indi-
rectly confirmed by a number of interesting experiments [3–5].
And the entanglement between the pair of natural qubits, radicals,
was shown to last over milliseconds at the ambient condition,
which is significantly longer than those artificial quantum systems
at a sufficiently-low temperature and vacuum [6–8]. In order to
unravel the underlying physical mechanism, Ritz et al. [9] pro-
posed the radical-pair hypothesis to describe how birds utilize
the weak geomagnetic field for navigation. In the radical-pair
hypothesis, the inter-conversion between the spin-singlet and tri-
plet states induced by the geomagnetic field and the local field
posed by the nuclear spins results in distinguishable products of
chemical reaction. This kind of magnetic-field sensitive chemical
reactions can be well described by the generalized Holstein model
with spin degrees of freedom taken into consideration [10]. Since
the detection sensitivity subtly depends on the interplay of the
nuclear spins and geomagnetic field, it was suggested that when
there is quantum phase transition in the nuclear spins [11–13],
the sensitivity can be significantly increased by quantum criticality
[14].

On the other hand, photosynthesis is a complex biochemical
reaction process. It is well known that the process of photosynthe-
sis mainly includes four aspects, namely, primary reactions, elec-
tron transfer, photophosphorylation and carbon dioxide fixation
[15]. In the process of primary reaction, one of the peripheral
light-harvesting antennas absorbs a photon of sunlight, and then
the pigments transfer the captured energy to the reaction center.
In the reaction center, electrons are transferred and a potential dif-
ference is generated to drive the subsequent biochemical reactions.
The processes of energy and electron transfer are ultrafast, both of
them occurring around 10�12 s. The excitation energy is delivered
to the reaction center on a time scale of 30 ps, and subsequent elec-
tron transfer in about 3 ps. Due to nearly 100% quantum efficiency,
the energy transfer mechanism has aroused widespread interests.
One of the current research hotspots is the study of the physical
mechanism of EET in photosynthesis. In the late 1980s, the molec-
ular structure of the protein complex of the purple bacteriological
reaction center was obtained [16]. Subsequently, some other
molecular structures of reaction centers and light-harvesting
antenna protein complexes were generally determined [17–21].
The increased understanding of the molecular structures of photo-
synthesis is helpful to the development of artificial light-
harvesting devices [22].

Up to now, the study on EET has been made much progress [18–
42]. A series of interesting experiments point out that quantum
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coherence may play an important role in the process of EET in pho-
tosynthesis. For example, it has been demonstrated that exciton
delocalization optimizes the energy transfer from B800 ring to
B850 ring in LH2 [21]. In addition, it seems that there is some rela-
tion between quantum coherence and the high efficiency of EET
[25]. Moreover, Caruso et al. [26] studied the relation between
the degree of entanglement and EET efficiency in photosynthesis.
They believed that the EET in photosynthesis is realized by the
interplay of coherent and incoherent processes. Sarovar et al.
[27] found that the coherence between pigments almost exists in
the whole process of EET. Fassioli and Olaya-Castro [28] showed
that there is an inverse relationship between the quantum effi-
ciency and the average entanglement between distant donor sites
in FMO complex.

As photosynthetic complexes inevitably interact with the sur-
rounding environment, some scientists have also begun to study
the quantum noise effects on EET efficiency. After studying the
impact of environment on EET, Leon-Montiel and Torres [30] found
that even in purely-classical systems, the efficiency of EET can be
improved by adjusting the external environment. Mohseni et al.
[31–33] proposed the concept of environmental-noise-assisted
EET in the study of FMO photosynthetic complexes. Cao and Silbey
[34] pointed out that the optimal exciton trapping scheme can be
achieved by choosing the appropriate decoherence rate and exci-
ton trapping rate. Plenio and his collaborators [26] revealed that
there is a certain correlation among the EET efficiency, the energy
detuning and dephasing. Although the above research results were
obtained using numerical methods, these results have revealed
that adjusting the environmental noise can improve the EET
efficiency.

In the above continuous study of EET in photosynthesis, many
theoretical methods have been proposed. They can be divided into
coherent and incoherent theories. Traditionally, the incoherent
theories, e.g., Förster theory and MRT, were employed to calculate
the energy transfer efficiency. In 2007, Fleming’s group [25] first
observed quantum coherence in FMO complexes at low tempera-
tures (T ¼ 77 K) for 660 fs. This discovery made people more aware
that the energy transfer among pigments does not fully follow
Förster theory. For the coherent theories, there are hierarchical
equation of motion (HEOM), quantum path integrals, coherent
modified Redfield theory (CMRT), small-polaron quantum master
equation, and general Bloch-Redfield theory. This paper mainly
introduces these incoherent and coherent theories, and analyses
the applicable conditions, advantages and disadvantages of each
theory.

2. Incoherent theories for photosynthesis

In this section, we will mainly introduce the incoherent theo-
ries, which are efficient for calculating the efficiency of EET in pho-
tosynthesis [43–46].

2.1. Förster theory

Initially, people used Förster theory to describe energy transfer
in photosynthesis. The condition of Förster theory is that the dis-
tance between molecules is long enough in the process of energy
transfer. For a donor (D) and an acceptor (A), the rate of EET
between them can be described by the Förster theory as [47,48]

kFD!A ¼ J2DA
2p�h2

Z 1

�1
dxED xð ÞIA xð Þ; ð1Þ

where x is the frequency and �h is the Planck constant, JDA repre-
sents the Coulomb coupling between D and A, which is inversely
proportional to the cubic power of the distance between D and A.
ED xð Þ and IA xð Þ represent the fluorescence and the absorption
spectrum respectively, which can be directly measured by the
experiment and can also be calculated from the theory as

ED xð Þ ¼
Z 1

�1
dte�ixtTrB qe

De
�iHe

Dt=�hei eDþHg
Dð Þt=�h� �

; ð2Þ

IA xð Þ ¼
Z 1

�1
dteixtTrB qe

Ae
iHe

At=�he�i eAþHg
Að Þt=�h� �

: ð3Þ

Here eD and eA are excited-state energies of D and A, respectively.

Hg
D ¼

X
j

xja
y
j aj; ð4Þ

Hg
A ¼

X
j

xjb
y
j bj; ð5Þ

are the Hamiltonians corresponding to the baths of D and A when
they are in the ground states, respectively. aj (bj) is the annihilation
operator of donor’s (acceptor’s) jth harmonic oscillator with fre-
quency xj.

He
D ¼

X
j

xja
y
j aj þ

X
j

gD
j ayj þ aj
� �

; ð6Þ

He
A ¼

X
j

xjb
y
j bj þ

X
j

gA
j by

j þ bj

� �
; ð7Þ

are the Hamiltonians of D’s and A’s bath when they are at the
excited state respectively, where gD

j (gA
j ) is the coupling strength

with D’s (A’s) jth mode. qe
D ¼ e�bHe

D=TrBe�bHe
D (qe

A ¼ e�bHe
A=TrBe�bHe

A )
is the D’s (A’s) bath’s density matrix at the thermal equilibrium,
where b ¼ kBT is the inverse temperature with kB and T being the
Boltzmann constant and temperature, respectively.

Förster theory has been widely used in practical experiments
and theories for studying energy transfer at the early stages. How-
ever, it is worth noting that the formula is derived under some
approximations. Because it is assumed that the intra-system cou-
pling JDA is much smaller than the system-bath couplings gD

j and

gA
j . Furthermore, for the sake of simplicity, the intra-system cou-

pling JDA is generally calculated by the dipole-dipole approxima-
tion. Therefore, it may break down when the distance between D
and A is relative small as compared to charge distribution within
the D (A).

2.2. Generalized Förster theory

In the preceding subsection, we have introduced Förster theory.
It was developed for calculating the rate of EET between a donor
(D) and an acceptor (A). However, for a cluster formed by strong
couplings of several chromophores, Eq. (1) can not accurately sim-
ulate population dynamics. This is mainly because the original
Förster theory treats the internal couplings of the system as a per-
turbation. Therefore, when there are some clusters, the original
Förster theory should be generalized to describe the EET in a mul-
tichromophoric system [49,50].

The spectral overlap in Eq. (1) is a central feature of the Förster
theory. Note that there is no bath’s degree of freedom simultane-
ously coupled to D and A. Under this assumption, the Förster the-
ory can be generalized.

For a multichromophoric system, D and A are composed of
Dj j ¼ 1; . . . ;NDð Þ and Ak k ¼ 1; . . . ;NAð Þ, respectively [49]. We sup-
pose that the exciton Hamiltonians is

He
D;0 ¼

XND

j¼1

�Dj
Dj j Dj >< Dj j þ

X
j–j0

DD
jj0 j Dj >< Dj0 j; ð8Þ

He
A;0 ¼

XNA

k¼1

�Ak
j Ak >< Ak j þ

X
k–k0

DA
kk0 j Ak >< Ak0 j; ð9Þ
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where �Dj
�Ak

� �
is the energy of the excitation state j Dj > j Ak >ð Þ,

and DD
jj0 DA

kk0
� �

is the electronic coupling between j Dj > and j Dj0 >

(j Ak > and j Ak0 >). In addition to the above electronic states, all
other degrees of freedom will be treated as bath. If each j Dj > is
coupled to a bath operator BDj , the total Hamiltonian for excited D

can be expressed as He
D ¼ He

D;0 þ
PND

j¼1BDj
j Dj >< Dj j þHg

D. Likewise,
the total Hamiltonian for excited A is
He

A ¼ He
A;0 þ

PNA
k¼1BAk

j Ak >< Ak j þHg
A. For the assumption that

there is no given bath mode couples to both D and A, it can be

equivalent to Hg
D;H

g
A

� � ¼ Hg
D;BAk

� � ¼ Hg
A; BDj

h i
¼ 0. For the multi-

chromophoric system, ND � NA terms contribute to the coupling
Hamiltonian, Hc ¼

PND
j¼1

PNA
k¼1Jjk j Dj >< Ak j þ j Ak >< Dj j

� �
, where

Jjk is the dipole-dipole interaction between Dj and Ak.
Starting from the Fermi’s golden rule [51,52], we can obtain the

multichromophoric Förster rate from the cluster of D to the cluster
of A, which is

kMC tð Þ ¼
X
j0 j00

X
k0k00

Jj0k0 Jj00k00

2p�h2

Z 1

�1
dxEj00j0

D t;xð ÞIk0k00A xð Þ; ð10Þ

where

Ej00 j0
D t;xð Þ � 2Re

Z t

0
dt0e�ixt0TrD e�iHg

Dt
0=�h

n�
� Dj j e�iHe

D t�t0ð Þ=�h j Dê

D E
Dê j qg

De
iHe

Dt=�h j Dj0
D Eo	

; ð11Þ

Ik
0k00

A xð Þ �
Z 1

�1
dteixtTrA eiH

g
A
t=�h < Ak0 j e�iHe

At=�h j Ak00 > qg
A

n o
; ð12Þ

are the matrix elements of ED t;xð Þ and IA xð Þ. Here Trl represents
the trace over all the bath degrees of freedom for l ¼ D;A. For
t < 0, the total system is in the ground state represented by qg

Dq
g
A.

If the appropriate pulse is selected to excite D at t ¼ 0, the total den-
sity operator will be changed to q 0ð Þ ¼j Dê >< Dê j qg

Dq
g
A, where

j Dê >¼ N ê _P
jlDj

j Dj >; N is the normalization constant, ê is the

polarization vector of the radiation, lDj
is the transition dipole of

j Dj >.
It has been demonstrated that the entanglement between donor

and bath plays an important role in both the emission spectrum
and multichromophoric Förster rate [52–54]. The coupling
between the initial system and the bath will cause the bath to devi-
ate from equilibrium, which will further complicate the emission
spectrum. And this deviation will affect the subsequent dynamic
evolution, which makes the calculation of multichromophoric
Förster rate more complicated. In Ref. [52], a full 2nd-order cumu-
lant expansion technique is developed to calculate the spectra and
multichromophoric Förster rate for both localized and delocalized
systems. The full 2nd-order cumulant expansion technique is reli-
able for the absorption and emission spectra of localized system.
Moreover, for both localized and delocalized systems, the multi-
chromophoric Förster rates are close to the exact ones, which can
not be obtained by the methods of general second-order theories,
such as Redfield theory, MRT, and CMRT. And for the absorption
and emission spectra which are expressed in a full 2nd-order
cumulant expansion can reduce to the exact results in the mono-
mer case.

2.3. Modified Redfield theory

The Förster theory and its generalization are valid in the regime
where the intra-system couplings are much weaker than the
system-bath couplings. On the contrary, Redfield theory treats
the coupling of exciton and external vibration mode as a perturba-
tion and assumes second-order truncation when the intra-system
couplings prevail.

However, in natural photosynthesis, neither conditions hold as
the intra-system couplings are comparable to the system-bath
couplings. Therefore, the Redfield theory is modified to describe
the EET in natural photosynthesis [37,44]. The MRT adopts the
same basis, i.e., the exciton basis, as the Redfield theory. That is
to say, when there are closely-connected pigment molecules, the
excited state can not be described by the excitation of a single pig-
ment, but its excitation extends to more than one pigment to form
an exciton state. The state is a combination of several molecular
wave functions, which can be expressed as j ai ¼ P

nc
a
n j ni, with

j ni the excited state of the nth pigment.
In this basis, the total Hamiltonian is written as

H ¼ Hel þ Hph þ Hel�ph; ð13Þ
where

Hel ¼
X
a
ea j a >< a j; ð14Þ

Hph ¼
X
n;i

xib
y
nibni; ð15Þ

Hel�ph ¼ P
a;b

P
n;i

j a >< b j cancb�n gnixi bni þ by
ni

� �
¼ P

a;b
j a >< b j Hel�ph

� �
ab
:

ð16Þ

Here, ea is the excitation energy of j a >; by
ni (bni) is the creation

(annihilation) operator of the ith phonon mode of nth pigment, xi

is the frequency of the phonon mode, and gnixi is the exciton-
phonon coupling constant between the localized electronic excita-
tion on site n and its ith phonon mode. Although here we assume
individual bath for each pigment, the general correlated baths can
also be described by this model. The reorganization energy of site
n can be expressed as kn ¼ P

ig
2
nixi. Finally, the transformation from

the site basis to the exciton basis yields the factor
PN

n c
a
nc

b
n, which

can be considered as the overlap between exciton wavefunctions
j a > and j b >.

The MRT aims at dividing the Hamiltonian into a zeroth-order
Hamiltonian and a perturbation part, which correspond to the
diagonal and off-diagonal system-bath couplings in the exciton
basis, respectively. The zeroth-order Hamiltonian is

H0 ¼ Hel þ Hph þ
X
a

j a >< a j � Hel�ph
� �

aa
; ð17Þ

and the perturbation Hamiltonian is

V ¼
X
a–b

j a >< b j � Hel�ph
� �

ab
: ð18Þ

Notice that the diagonal part of Hel�ph, cf. Eq. (16), is
included in the zeroth-order Hamiltonian while the off-diagonal

part of Hel�ph is exactly the perturbation Hamiltonian. According
to second-order perturbation theory, the transfer rate can be
expressed as

Rab tð Þ ¼ 2Re
Z t

0
dsF�

b sð ÞAa sð ÞXab sð Þ; ð19Þ

where

Aa tð Þ ¼e�ieat�gaaaa tð Þ; ð20Þ
Fa tð Þ ¼e�i ea�2kaaaað Þt�g�aaaa tð Þ: ð21Þ
Aa tð Þ and Fa tð Þ are related to the absorption and emission lineshape,
respectively.
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Xab tð Þ ¼ e2 gaabb tð Þþikaabbt½ � � €gbaab tð Þ � _gbaaa tð Þ � _gbabb tð Þ � 2ikbabb
� ��

� _gabaa tð Þ � _gabbb tð Þ � 2ikabbb
� ��

; ð22Þ
which is the perturbation-induced dynamical term. And

gabcd tð Þ ¼
X
n;m

canc
b�
n ccmc

d�
mgnm tð Þ; ð23Þ

kabcd ¼
X
n

canc
b�
n ccnc

d�
n kn: ð24Þ

Here the lineshape function is

gnm tð Þ ¼ R1
0 dx Jnm xð Þ

x2 coth x
2kBT

� �
1� cos xtð Þ½ �

n
þi sin xtð Þ �xt½ �g;

ð25Þ

and the spectral density is

Jnm xð Þ ¼
X
i

gnigmix2
i d x�xið Þ: ð26Þ

In Ref. [50], in a tetramer system, in addition to the full simula-
tion carried out by the CMRT, the effective transfer rate was also
investigated by a cascade exponential decay model with the single
decay rate calculated by the MRT within the clusters and general-
ized Förster theory between the clusters, cf. Fig. 1. It is shown that
the simplified calculation captures the effective EET characteristics
for a wide parameter range. In this sense, it is reliable to use the
incoherent theories to explore the EET efficiency.

It has been shown that the MRT can be successfully used to
determine population transfer rates between exciton states beyond
the Redfield and Förster regimes, because it takes into considera-
tion multi-phonon processes [44]. However, recent studies have
demonstrated that theMRT yields unphysical results for small elec-
tronic coupling and energy gap, because it underestimates the
dynamical localization due to large reorganization energy [55,56].

Here, we have summarized the main points of the MRT. Later,
by generalizing to describe the quantum dynamics of off-
diagonal terms of density matrix, the coherent version of the
MRT, i.e., the CMRT, to be capable of simulating the quantum
dynamics of the full density matrix, has also been developed.
Details will be introduced in Section 3.4.

3. Coherent theories for photosynthesis

Since 2006, there have been a series of interesting experiments
[21,25,57–59], which implied that coherence might play an impor-
tant role in the photosynthesis. Since the incoherent theories are
only capable of calculating the energy transfer efficiency, theories
other than the incoherent ones are needed to consider the effect
Fig. 1. (Color online) Comparison of EET in a tetramer system [50]: the effective transfer
decay model with decay rates calculated by the MRT and generalized Förster theory.
of coherence on the quantum dynamics. In this section, we sum-
marize the main theories, which can calculate the quantum
dynamics of the full density matrix, including both the populations
and the off-diagonal terms.

3.1. Redfield theory

For open quantum systems, one of the main concerns is to
obtain the equation of the system’s reduced density matrix by
eliminating the degrees of freedom of the environment [60–62].
Generally, the quantum dynamics of the reduced density matrix
can be obtained from the Liouville equation by the perturbation
expansion, e.g., Redfield theory [47].

For an open quantum system, the total Hamiltonian Ht can be
expressed as

Ht ¼ HS þHB þHSB; ð27Þ
where HS ¼

P
lEl j l >< l j represents the Hamiltonian of system

with eigen-state j l > and eigen-energy El; HB ¼ P
n;kxka

y
nkank cor-

responds to the environment, and HSB ¼
P

n;kgk jn><n j ay
nkþank

� �
describes the interaction between the system and environment. For
the reduced density matrix, qS tð Þ can be expressed as qS tð Þ ¼
TrB qt tð Þ½ �, where qt tð Þ is the density matrix of the total system.

By treating HS exactly and HSB to the second order, we can
derive a time-local master equation for the open system’s density
matrix qS tð Þ as
d
dt
qlm

S tð Þ ¼ �ixlmqlm
S þ

X
l0m0

Rlm;l0m0ql0m0
S ; ð28Þ

wherexlm ¼ El � Em
� �

=�h is the transition frequency from the eigen-

state j l > to j m >;Rlm;l0m0 is the transfer rate from ql0m0
S to qlm

S . It is
also called the Redfield tensor,

Rlm;l0m0 ¼ Cm0m;ll0 þ C�
l0l;mm0 � dm0m

X
j
Clj;jl0

�dl0l
X
j
C�
mj;jm0 ;

ð29Þ

where the damping matrix is

Clm;l0m0 ¼ 1

�h2

X
m;n

< l j Vm j m >< l0 j Vn j m0 > Cmn xm0l0
� �

; ð30Þ

Cmn xm0l0
� �

is the Fourier transform of bath correlation function

Cmn tð Þ ¼ �h
p

Z 1

�1
dxJmn xð Þ nBE þ 1ð Þe�ixt ; ð31Þ
rate is obtained by (a) full simulation with the CMRT, and (b) cascade exponential
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with nBE xð Þ ¼ exp b�hxð Þ � 1½ ��1 the Bose-Einstein distribution func-
tion and Jmn xð Þ the spectral density. Here b is inversely proportional
to temperature.

Redfield theory is traditionally used in calculating the full quan-
tum dynamics of the system’s density matrix. Since it treats the
system-bath couplings perturbatively, it is only valid when the
intra-system couplings are much stronger than the system-bath
couplings. Because the photosynthesis is in the intermediate
regime, other approaches should be explored to describe the quan-
tum dynamics of EET in photosynthesis [46,63].

3.2. Hierarchical equation of motion

The HEOM formalism has become an important tool for studying
dynamics of open quantum systems [64–67]. And it can be used to
study the dynamics in different fields, such as chemistry [68], biol-
ogy [69] and physics [70–73]. The establishment of the HEOM starts
from the influence of the functional path integral [74–78], and then
it is realized by using the path integration algorithm [79–81] and
decomposing the environmental correlation functions appropri-
ately [73,80–84]. The HEOM couples the system’s reduced density
operator and a series of auxiliary density operators [79–81].

In the following, we describe in detail the theoretical approach
of HEOM for photosynthetic EET [63,85]. For a photosynthetic com-
plex containing N pigments, we can study its EET dynamics by
using the Frenkel exciton Hamiltonian [44,86,87]

Htot ¼ Hel þ Hph þ Hel�ph; ð32Þ
where

Hel ¼
XN
j¼1

j j > ej < j j þ
X
j–k

j j > Jjk < k j; ð33Þ

Hph ¼
XN
j¼1

Hph
j ; ð34Þ

Hel�ph ¼
XN
j¼1

Hel�ph
j ¼

XN
j¼1

Vjuj: ð35Þ

In the above, j ji represents the state where only the jth pigment is
in its excited state and all others are in their ground state, i.e.,
j ji ¼j u1gi j u2gi � � � j ujei � � � j uNgi. ej ¼ e0j þ kj is the site energy of

the jth pigment, where e0j is the excited-state energy of the jth site
in the absence of phonons and kj is the reorganization energy of the
jth site. Jjk is the electronic coupling between the jth and kth pig-

ments. In Eq. (34), Hph
j ¼ P

nxn p2
n þ q2

n

� �
=2 is the Hamiltonian of

the environmental phonons associated with the jth pigment, with
qn and pn dimensionless coordinate and conjugate momentum of
the nth mode. Eq. (35) is the coupling Hamiltonian between the
jth site and the phonon modes, with Vj ¼j ji j jh and uj ¼ �P

ncjnqn,
where cjn being the coupling constant between the jth pigment
and nth phonon mode.

The EET dynamics is given by the reduced density matrix

qel tð Þ ¼ Trph qtot tð Þ
 �
; ð36Þ

where qtot tð Þ denotes the density matrix for the total system. In the

interaction picture with respect to H0 ¼ Hel þ Hph, the time evolu-
tion of the total density matrix qtot

I tð Þ is governed by the Liouville
equation,

@tqtot
I tð Þ ¼ �iLel�ph tð Þqtot

I tð Þ; ð37Þ

where Lel�ph tð Þ is the Liouville operator corresponding to the Hel�ph,

which satisfies Lel�ph tð Þqtot
I ¼ Hel�ph tð Þ;qtot

I

h i
. And Hel�ph tð Þ ¼
Vj tð Þuj tð Þ, with Vj tð Þ ¼ exp iHelt
� �

Vj exp �iHelt
� �

;uj tð Þ ¼ exp iHpht
� �

uj exp �iHpht
� �

.

We suppose that the system and its environment is uncorre-

lated at the initial time [47], i.e., qtot
I 0ð Þ ¼ qel

I 0ð Þqph
eq with

qph
eq ¼ exp �bHph

� �
=Trph exp �bHph

� �
and b ¼ 1=kBT.

By calculating the time integral of Eq. (37), the formal solution
of reduced density matrix can be obtained as

qel
I tð Þ ¼ Trph Cþ exp �i

Z t

0
dsLel�ph sð Þ

� 	
qph

eq

� 

qel

I 0ð Þ; ð38Þ

where Cþ is the forward time-ordering operator. The average over

the linear bath operator uj tð Þ results in Trph uj tð Þqph
eq

n o
¼ 0 and

Trph uj tð Þuj 0ð Þqph
eq

n o
� C tð Þ � Creal tð Þ þ iCimag tð Þ, where Creal tð Þ and

Cimag tð Þ are the real and imaginary parts of the correlation function
of bath, respectively. Consequently, Eq. (38) is simplified to be

qel
I tð Þ ¼ U tð Þqel

I 0ð Þ; ð39Þ

with the time propagator of the reduced density matrix

U tð Þ ¼ Cþ exp �
Z t

0
W sð Þds

� 	
; ð40Þ

where W tð Þ ¼ R t
0 dsLz tð ÞCreal t � sð ÞLz sð Þ þ iLz tð ÞCimag t � sð ÞSz sð Þ,

Lz tð Þ ¼ Vj tð Þ; . . .� �
, Sz tð Þ ¼ Vj tð Þ; . . .� �

þ.
The coupling of the jth pigment to the environmental phonons

can be specified by the spectral density Jj xð Þ. We further assume
the spectral density as the overdamped-Brownian oscillator model,

Jj xð Þ ¼ 2kjcjx= x2 þ c2j
� �

with c�1
j being the relaxation time and kj

the reorganization energy [88].
Thus, the bath correlation function can be calculated as

C tð Þ ¼ Creal � iCimag ¼
Z 1

�1

dx
p

J xð Þ eixt

ebx�1 ; ð41Þ

where

Creal tð Þ ¼
Z 1

�1

dx
p

J xð Þ cothbx
2

cosxt; ð42Þ

Cimag tð Þ ¼ �
Z 1

�1

dx
p

J xð Þ sinxt: ð43Þ

By unitary transformation, we can obtain the reduced density
matrix qel tð Þ in the Schrödinger picture as qel tð Þ¼Uel tð Þqel

I tð ÞUy
el tð Þ¼

exp �iHelt
� �

qel
I tð Þ exp iHelt

� �
. And its time derivative can be

expressed as

@tqel tð Þ ¼ �iLSqel tð Þ � iLzr1 tð Þ; ð44Þ

where LS ¼ Hel; . . .
h i

is the commutator of the system Hamiltonian.

Here r1 tð Þ is an auxiliary operator, which is

r1 tð Þ ¼ Cþ
R t
0 ds �iCreal t � sð ÞLz sð Þ þ Cimag t � sð ÞSz sð Þ� �n

Uel tð ÞU tð Þgqel 0ð Þ:
ð45Þ

Under the high-temperature condition, i.e., b�hcj < 1,

ebx � 1 � bx, we can obtain

Creal tð Þ ¼ 2kj
b

e�cj t ; Cimag tð Þ ¼ �2kjcje
�cj t: ð46Þ

Thus, an arbitrary nth-order auxiliary operator can be estab-
lished as
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rn tð Þ ¼ Cþ
R t
0ds1Hn1 s1ð Þe�cj t�s1ð ÞR t

0ds2Hn2 s2ð Þe�cj t�s2ð Þ
n

� � � R t
0dsNHnN sNð Þe�cj t�sNð ÞUel tð ÞU tð Þ

o
qel 0ð Þ

¼ Cþ
PN
j¼1

R t
0dsHnj sð Þe�cj t�sð Þ

h inj(
Uel tð ÞU tð Þgqel 0ð Þ;

ð47Þ

where Hnj sð Þ ¼ �i 2kjb Lz sð Þ � 2kjcjSz sð Þ. Then, we apply the time
derivative on both sides of Eq. (47) to derive the equation of motion
for the nth-order auxiliary operator as

@trn tð Þ ¼ �iLSrn tð Þ þ
XN
j¼1

nj �cj
� �

rn tð Þ þ
XN
j¼1

njHnj sð Þrnj� tð Þ

þ
XN
j¼1

�ið ÞLzrnjþ tð Þ;
ð48Þ

where n ¼ n1; � � � ; nj; � � � ; nN
� �

; nj	 ¼ n1; � � � ; nj 	 1; � � � ; nN
� �

are
three sets of nonnegative integers.

Since the hierarchically-coupled Eq. (48) continues to infinity,
we terminate Eq. (48) at a finite stage as

@trn tð Þ ¼ �iLSrn tð Þ; ð49Þ
for the integers n ¼ n1; n2; � � � ; nNð Þ satisfying

N ¼
XN
j¼1

nj 
 xe

min c1; c2; � � � ; cNð Þ ; ð50Þ

where xe is a characteristic frequency for LS. The number of the
operators r n; tð Þf g is N þNð Þ!= N!N !ð Þ. Note that Eq. (48) is not suit-
able for the condition of low-temperature [85].

Above all, we only analyze the type of Debye spectral density.
It has been proved that HEOM is suitable for any spectral density.
Several different methods have been proposed to decompose any
spectral density into analytical forms suitable for HEOM process-
ing [65]. The photosynthetic complex is essentially an open quan-
tum system. Therefore, HEOM can be applied not only to the EET
of photosynthesis but also to the related problems in open quan-
tum systems, such as the dynamics of the dissipative electron
systems [81], the non-Markovian entanglement dynamics [89]
and so on.

As demonstrated in Ref. [63], Eq. (48) can describe not only
quantum coherent wave-like motion in the Redfield regime, but
also incoherent hopping in the Förster regime and an intermediate
EET regime in a unified manner. However, although the HEOM
numerically exactly produces the quantum dynamics in all three
regimes, it takes intolerable computation time, which is exponen-
tial in the system’s size and the number of exponents in the bath
correlation function [88]. Recently, by sophisticated mapping, we
experimentally accelerate the exact simulation of the HEOM in
the NMR [88].

3.3. Quantum path integral

In this subsection, we use a general model to illustrate how
path integral can be used in an open quantum system [90–92].
Consider a general quantum system in a bath environment, and
assume that the bath is a regular ensemble. The Hamiltonian of
the whole system can be expressed as

Htot ¼ HS tð Þ þ HB �
X
a

QaFa: ð51Þ

Here, HS tð Þ is the Hamiltonian of the system. HB is the Hamiltonian
of the bath. The last term of Eq. (51) describes the coupling of sys-
tem and bath, formally decomposed into several dissipative modes,
where Qa is the operator of system, and Fa is the bath’s operator.
The system’s reduced density matrix q tð Þ can be defined as

q tð Þ ¼ TrBqtot tð Þ ¼ U t; t0ð Þq t0ð Þ: ð52Þ
Here, U t; t0ð Þ is the propagator. And Eq. (52) is given at the operator
level. However, the expression of path integral must be expanded
under certain representation. Consider j ai to be a set of system’s
complete bases. Under a representation, assuming that a ¼ a;a0ð Þ,
Eq. (52) can be expressed as

q a; tð Þ ¼
Z

da0U a; t;a0; t0ð Þq a0; t0ð Þ; ð53Þ

where U a; t;a0; t0ð Þ reads [74]

U a; t;a0; t0ð Þ ¼
Z a t½ �

a0 t0½ �
DaeiS a½ �F a½ �e�iS a0½ �: ð54Þ

Here, F is the influence functional, which mainly expresses the
effect of interaction between the system and bath. S a½ � is the classi-
cal action functional along a path a sð Þ between starting point
a t0ð Þ ¼ a0 and ending point a tð Þ ¼ a. Note that the two endpoints
of this path are fixed. If the system-bath interaction is not consid-
ered, i.e., F ¼ 1, the dynamics of the system is a completely-
coherent process, that is to say, when F ¼ 1, we have @tU ¼ �iLU ,
where L is the Liouville operator of the system, i.e., L ¼ HS tð Þ; � � �½ �.

Now, the key quantity we consider is the influence functional F
induced by the system-bath interaction. Let a ¼ aa0ð Þ denote a pair
of dissipative modes, and introduce the definition [79]

~Q t;að Þ ¼ Q
�
aa0 t;að Þ � Q

� 0
aa0 t;a

0ð Þ; ð55Þ
where

Q
�
a t;að Þ ¼Q

�
aa0 ¼

Z t

t0

dsCa t � sð ÞQa0 a sð Þ½ �; ð56Þ

Q
� 0
a t;að Þ ¼

Z t

t0

dsC�
a t � sð ÞQa0 a0 sð Þ½ �; ð57Þ

Qa a tð Þ½ � ¼Qa a tð Þ½ � � Qa a0 tð Þ½ �: ð58Þ

Here, for any operator bO;QbO ¼ Qa;
bOh i

. Ca t � sð Þ ¼ Caa0 t � sð Þ ¼
hF̂a tð ÞF̂a0 sð ÞiB is the correlation function of the bath.

The final expression of influence functional F reads [79]

F a½ � ¼ exp �
Z t

t0

dsR s;a½ �
� 


; ð59Þ

where

R s;a½ � ¼
X
a

Q a tð Þ½ � ~Qa t;að Þ: ð60Þ

As a powerful formulism, path integral can be used to calculate
quantum dynamics under semi-classical approximation. When
dealing with many-body quantum dynamical problems, path
integral does not introduce uncontrolled approximation. However,
in general, the solution of path integral is not easy, because it
should discretize the paths based on time slices in order to
generate multi-dimensional integrals. Therefore, in the long-time
limit, the dimension of the integral may be very high. In addition,
numerical techniques for evaluating path integrals in real time and
imaginary time are different.

3.4. Coherent modified Redfield theory

We have introduced the MRT in Section 2.3. In this section, we
derive the CMRT by generalizing the MRT. Although the CMRT
approach adopts the same basis of the MRT, it can deal with coher-
ent evolution of excitonic systems [93,94].



Fig. 2. (Color online) Pn tð Þ vs. t of FMO with Pn 0ð Þ ¼ dn6 [96]. The simulations are
performed with T ¼ 77 K, k ¼ 35 cm�1, and the effective Hamiltonian from Ref. [46].
Solid curves are obtained by the combined Lindblad-form-CMRT-and-NMQJ
approach, dotted lines are calculated by the original CMRT, and dashed curves are
results by the HEOM. Red curves are for site 6, green curves for site 3, blue curves
for site 4 and black curves for site 5. For the sake of clarity, other sites’ population
dynamics are small and thus not shown here.
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In this section, we adopt the same model as Section 2.3. In Sec-
tion 2.3, we have discussed that the main idea of MRT is to divide
the Hamiltonian into a zeroth-order Hamiltonian including the
diagonal system-bath couplings in the exciton basis,

H0 ¼ Hel þ Hph þ
X
a

j a >< a j � Hel�ph
� �

aa
; ð61Þ

and the off-diagonal system-bath couplings in the exciton basis as a
perturbation,

V ¼
X
a–b

j a >< b j � Hel�ph
� �

ab
: ð62Þ

Following Born approximation and second-order truncation
[95], we derive the master equation for coherent EET dynamics,

_rab tð Þ ¼ �i ea � eb
� �

rab tð Þ
þ
X
f

Raf tð Þrff tð Þ � Rfa tð Þraa tð Þ� � � dab
� Rpd

ab tð Þ þ 1
2

X
f

Rfa tð Þ þ Rfb tð Þ� �" #
rab tð Þ;

ð63Þ

where

Rab tð Þ ¼ 2Re
Z t

0
dsF�

b sð ÞAa sð ÞXab sð Þ; ð64Þ

Aa tð Þ ¼ e�ieat�gaaaa tð Þ; ð65Þ
Fa tð Þ ¼ e�i ea�2kaaaað Þt�g�aaaa tð Þ; ð66Þ
Xab tð Þ ¼ e2 gaabb tð Þþikaabbt½ �

� €gbaab tð Þ � _gbaaa tð Þ � _gbabb tð Þ � 2ikbabb
� ��

� _gabaa tð Þ � _gabbb tð Þ � 2ikabbb
� ��; ð67Þ

gabcd tð Þ ¼
X
n;m

canc
b�
n ccmc

d�
mgnm tð Þ; ð68Þ

kabcd ¼
X
n

canc
b�
n ccnc

d�
n kn: ð69Þ

Here the lineshape function is

gnm tð Þ ¼ R1
0 dx Jnm xð Þ

x2 coth x
2kBT

� �
1� cos xtð Þ½ �

n
þi sin xtð Þ �xt½ �

o
;

ð70Þ

and the spectral density is

Jnm xð Þ ¼
X
i

gnigmix2
i d x�xið Þ: ð71Þ

In Fig. 2, we compare the population dynamics by the original
CMRT, the HEOM, and the combined approach of Lindblad-form
CMRT and NMQT [50,96]. It is shown that the CMRT captures both
the coherent oscillations at the short-time regime and the incoher-
ent EET dynamics at the long-time regime. We notice that for sites
6 and 3, the difference between the prediction by the HEOM and
the CMRT may be more significant. It was remarked that when
the energy gap is small and the exciton-phonon coupling is strong,
the CMRT neglects the dynamical localization. Furthermore, the
CMRT-NMQT approach underestimates the coherent evolution,
because it might be attributed to the recast the CMRT into the
Lindblad form in order to utilize the NMQT approach [50,96].

By comparison, we can find that the master Eq. (63) has the
similar form as the traditional Redfield Eq. (28). Because it is
time-local, it is easy to propagate and applicable to large multi-

chromophoric systems. The excitonic Hamiltonian Hel results in
the coherent dynamics as described by the first term in Eq. (63).
The off-diagonal exciton-phonon couplings in the exciton basis V
lead to the incoherent population transfer, cf. the second term
therein. The last term stands for the dephasing processes induced
by both the pure-dephasing and the dissipation effects. The CMRT
is non-Markovian since we have not invoked the Markovian
approximation in deriving Eq. (63). Moreover, as in Ref. [56], we
would obatain the same absorption spectrum with lifetime broad-
ening effects due to the dephasing terms in Eq. (63). The CMRT is
applicable to some problems beyond the original MRT, such as
time-resolved spectroscopy and control problems [96].

3.5. Small-Polaron quantum master equation

In addition to the methods mentioned above, a new theory has
recently been developed, which interpolates between the Förster
and Redfield theories by using small-polaron transformation [97].
This theory is based on the second-order perturbative truncation
of the renormalized electron-phonon coupling.

We consider a model consisting of a donor Dð Þ and an acceptor
Að Þ [97]. And we use j gi to represent the ground state of the D and
A, j Di (j Ai) to represent that only D (A) is in the excited state. In
this subsection, we only consider the situation when there is only
single electronic-excitation.

Initially, we assume that the state of the system is in the ground
state j gi and the bath is in thermal equilibrium. Then, a laser pulse
selectively excites j gi to j Di. The EET dynamics for t > 0 can be
described by the total Hamiltonian

H ¼ Hs þ Hsb þ Hb; ð72Þ
where Hs ¼ Hp

s þ Hc
s represents the system Hamiltonian with

Hp
s ¼ ED j Di D j þEA j Ah i A jh and Hc

s ¼ J j DihA j þ j AihD jð Þ; J is the
coupling between j Di and j Ai; ED EAð Þ is the energy of state j Di
j Aið Þ relative to ground state j gi, Hb is the Hamiltonian of the bath,
Hsb ¼ BD j Di D j þBA j Ah i A jh is the system-bath interaction Hamil-
tonian, with BD BAð Þ the bath operator coupled to j Di j Aið Þ. Here,
we assume a spin-boson-type model,

Hb ¼
X
n

�hxn by
nbn þ 1

2

� �
;

BD ¼
X
n

�hxngnD by
n þ bn

� �
;

BA ¼
X
n

�hxngnA by
n þ bn

� �
;

ð73Þ

where by
n bnð Þ is the creation (annihilation) operator of the nth

mode, and its corresponding frequency xn. According to the initial
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condition, q 0ð Þ ¼ r 0ð Þe�bHb=Z, where b ¼ 1=kBT; Z ¼ Trb e�bHb

 �

, and
r ¼j Di D jh . The Liouville operator corresponding to the above
Hamiltonians can be expressed as L; Lp

s ; Lc
s; Lsb, and Lb. The evolu-

tion of the density operator over time reads

dq tð Þ
dt

¼ �iLq tð Þ ¼ �i Lp
s þ Lc

s þ Lsb þ Lb
� �

q tð Þ: ð74Þ

As we have discussed in the above subsections, when the cou-
pling to the bath is weak, the Redfield theory can be employed,
while for the strong coupling to the bath, the Förster theory is
applicable. The method developed below interpolates between
these two limits by combining the polaron transformation [98–
102] and a quantum master equation formulism up to the second
order [45].

Applying the small-polaron transformation generated by

G ¼ P
n by

n � bn

� �
gnD j D >< D j þgnA j A >< A jð Þ to Eq. (74), we

can obtain the time evolution equation for ~q tð Þ ¼ eGq tð Þe�G as

d~q tð Þ
dt

¼ �i ~Lp
s þ ~Lc

s þ Lb
� �

~q tð Þ; ð75Þ

where ~Lp
s and ~Lc

s are the quantum Liouville operators for

H
�
p
s ¼ E

�
D j D >< D j þE

�
A j A >< A j; ð76Þ

H
�
c
s ¼ J hyDhA j D >< A j þhyAhD j A >< D j� �

: ð77Þ

In the above equations, E
�
D ¼ ED �P

ng
2
nD�hxn, E

�
A ¼ EA �P

ng
2
nA�hxn;

hD ¼ exp �P
ngnD by

n � bn

� �n o
and hA ¼ exp �P

ngnA by
n � bn

� �n o
. hyD

and hyA are their Hermitian conjugates. The initial condition trans-

forms to ~q 0ð Þ ¼ r 0ð ÞhyDe�bHbhD=Z, which corresponds to the non-
equilibrium state of the bath.

In order to derive the quantum master equation, the trans-

formed total Hamiltonian can be divided as H
�
¼ H

�
0 þ H

�
1. The

zeroth-order term is

H
�
0 ¼ H

�
0;s þ Hb; ð78Þ

where

H
�
0;s ¼ E

�
D j D >< D j þE

�
A j A >< A j þJx j D >< A j þ j A >< D jð Þ;

ð79Þ

x ¼ hyDhA
� � ¼ hyAhD

� � ¼ e
�
X
n

coth b�hxn=2ð Þdg2n=2
; ð80Þ

with dgn ¼ gnD � gnA. The first-order term H
�
1 is defined as

H
�
1 ¼ H

�
c
s � hH

�
c
si ¼ J B

�
j D >< A j þB

�y j A >< D j
� �

; ð81Þ

where B
�
¼ hyDhA �x; hB

�
i ¼ hB

�
yi ¼ 0. We take J~B and J~By as perturba-

tions, which remain small in both limits of weak and strong system-
bath couplings. Thus, the second-order quantum master equation

with respect to H
�
1 is valid in both limits.

In the interaction picture with respect to H
�
0, the time evolution

equation of density operator ~qI tð Þ ¼ exp iL
�
0t

n o
~q tð Þ is

d
dt

~qI tð Þ ¼ �iL
�
1;I tð Þ~qI tð Þ; ð82Þ

where L
�
1;I tð Þ is the quantum Liouville operator corresponding to

H
�
1;I tð Þ ¼ J ~B tð ÞT tð Þ þ B

�y tð ÞTy tð Þ
h i

: ð83Þ
Here, ~B tð Þ ¼ exp iHbt=�hf gB
�
exp �iHbt=�hf g and T tð Þ ¼ exp iH

�
0;st=�h

n o
j D >< A j exp �iH

�
0;st=�h

n o
.

We apply the standard projection-operator technique [97] with
P �ð Þ � qbTrb �f g and Q ¼ 1� P to Eq. (82), and then make second-
order approximations with respect to L1;I tð Þ for both the homoge-
neous and inhomogeneous terms consistently to obtain

d
dt P~qI tð Þ ¼ �iP~L1;I tð ÞQ ~q 0ð Þ � R t

0 dsP~L1;I tð Þ~L1;I sð Þ
� Q ~q tð Þ þ P~qt sð Þð Þ; ð84Þ

where PL
�
1;I tð ÞP ¼ 0 and Q ~q 0ð Þ ¼ r 0ð Þ � hyDe

�bHbhD � e�bHb
� �

=Z has
been used. In the above equation, P~qI sð Þ can be replaced by P~qI tð Þ
without affecting the accuracy up to the second order. By tracing
the bath degrees of freedom to the resulting equation, we obtain
the following time-local quantum master equation for
~rI tð Þ ¼ Trb ~qI tð Þf g,
d
dt

~rI tð Þ ¼ �R~rI tð Þ þ I tð Þ; ð85Þ

where

R tð Þ ¼
Z t

0
dsTrb L

�
1;I tð ÞL1;I sð Þqb

n o
; ð86Þ

I tð Þ ¼ �iTrb L
�
1;I tð ÞQ q

�
0ð Þ

n o
� R t

0dsTrb L
�
1;I tð ÞQL

�
1;I sð Þq� 0ð Þ

n o
: ð87Þ

Although Eq. (85) is local in time, the non-Markovian effects can be
explained by the time dependence of R tð Þ. It is expected to show
good performance beyond the typical perturbative regime, as
proved for some cases [103]. The expressions of the specific time-
local quantum master equation obtained by calculation can be
referred to in Ref. [97].

In Section 2.2, the effect of system-bath entanglement on the
EET has been addressed. Besides, this issue could also be explored
by the polaron transformation [104]. Under certain circumstances,
the analytical solutions for the EET efficiency can be explicitly
given. It is shown that the results by the polaron transformation
are consistent with those by the Förster and Redfield theories in
the respective limits and interpolate smoothly between them in
the intermediate regime.

Beyond the intermediate regime, the small-polaron quantum
master equation is accurate in the limits of weak system-bath cou-
pling and weak electronic coupling. The small-polaron quantum
master equation has been applied to many studies, such as explor-
ing the role of the relationship between environmental fluctuation
and phonon excitation in EET dynamics [105]. And it is also used to
study the vibrational contributions to EET in photosynthetic com-
plexes of cryptophyte algae [106]. Specifically, the small-polaron
quantum master equation can be precisely executed in the inco-
herent region with larger electron-phonon coupling and in the
coherent region with faster bath relaxation. In addition, through
the special selection of perturbation terms, the weak electron-
phonon coupling limit can also be accurately calculated by the
small-polaron theory [107]. However, due to the perturbation,
the accuracy of small-polaron quantum master equation declines
in the intermediate-coupling regime.

3.6. Generalized Bloch-Redfield theory

In photosynthesis, when a light-harvesting pigment absorbs a
photon, the photosynthetic system is activated. The excitation
energy is then transferred to the reaction center for subsequent
charge separation, resulting in energy trapping. Energy decays
during transmission and redistributes through interactions with
the protein environment.
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For the Debye-form spectral density, J xð Þ ¼ 2�h=pð ÞkxD=

x2 þ D2
� �

, the spatially-correlated spectral density is Jnm xð Þ ¼
cnmJ xð Þ, where k is the reorganization energy, D is the bath relax-
ation rate, cmn is the spatial correlation coefficient between sites
m and n. The time correlation functions corresponding to the
Debye spectral density can be expanded using exponential func-
tions [108]

Cmn tð Þ ¼ cmn

X1
i¼0

f ri þ if ii
� �

e�mi t; ð88Þ

where mi is the relaxation rate of the ith bath mode, f ri and f ii are the
real and imaginary part of the expansion coefficient, respectively.
With the facilitation of auxiliary fields gm;i tð Þ at site m, the general-
ized Bloch-Redfield equation for exciton dynamics can be written as
[109]

_q tð Þ ¼ � Lsys þ Ltrap
� �

q tð Þ � i
X1
i¼0

X
m

Qm; gm;i tð Þ� �
; ð89Þ

_gm;i tð Þ ¼ � Lsys þ Ltrap þ mi
� �

gm;i tð Þ
�if ri Hm;q tð Þ½ � þ f ii Hm;q tð Þ½ �þ;

ð90Þ

where q is the system’s reduced density matrix, Qm ¼j mi m jh is the
system operator, Hm ¼ P

ncmnQn, and A;B½ �þ ¼ ABþ BA is the anti-
commutator. Lsysq ¼ i H;q½ �=�h and Hnm ¼ dn;men þ 1� dn;mð ÞJnm,
where en is the site energy, the off-diagonal element Jnm is the
dipole-dipole interaction coupling strength between two distinct
sites. Ltrap

� �
nm ¼ kt;m þ kt;nð Þ=2 describes the localization at the

charge-separation state, with kt;m the trapping rate at site m. The
initial value of gm;i tð Þ is zero. The auxiliary field represent the mem-
ory effect in the dissipative dynamics caused by the interaction
with the bath. For the auxiliary fields, it can be considered as an ele-
ment of the projection operator Q 1� Pð Þ in the Nakajima-Zwanzig
projection operator technique.

As described earlier, the Redfield theory can be applied to the
case of weak dissipation regime, but it can not accurately describe
exciton dynamics in the case of intermediate and strong dissipa-
tion regimes [33,110]. The generalized Bloch-Redfield method pro-
posed in this subsection is applicable to a wide range of dissipation
cases and can also predict the correct Förster-rate limit [111].

4. Discussion and conclusion

Generally, the light-harvesting efficiency in the primary process
of photosynthetic organisms can reach up to 95%. If we can effec-
tively simulate photosynthesis in nature and learn from it, it will
be the most valuable way to solve our current energy problems.

In this paper, we first give a detailed description and summary
of the progress in the study of the physical mechanism of EET in
photosynthesis. Then, we summarize some theoretical methods
for studying incoherent EET in photosynthesis. The Förster theory
can be used to calculate the rate of EET, but it considers the transfer
of electronic excitation energy from a donor to an acceptor. There-
fore, the theory should be generalized when applied to a multi-
chromophoric system. In view of this situation, the generalized
Förster theory has been developed. The Förster theory is applicable
to the case where the couplings between pigments are much less
than those between the pigments and environment. In this case,
the couplings between pigments are regarded as a perturbation.
On the contrary, when the couplings between pigments are much
greater than those between the pigments and environment, the
EET is usually described by the Redfield theory. In this case, the
couplings between pigments and environment are regarded as a
perturbation. These two theories represent two opposite-limit
regions of the coupling strength between pigments and environ-
ment. However, because for some intermediate regions, the above
twomethods are no longer applicable, some newmethods and the-
ories are constantly developed, such as the HEOM, which is devel-
oped in a non-perturbative manner. The hierarchy Eq. (48) can
describe quantum coherent wave-like motion, and incoherent hop-
ping, and intermediate EET regime in a unified manner. The only
disadvantage is that the computational complexity grows expo-
nentially with respect to the system’s size and number of expo-
nents in the bath’s correlation function. In addition, the quantum
master equation by small-polaron transformation has been devel-
oped and is used to interpolate between the Redfield and Förster
limits by employing the small-polaron transformation. It is based
on the second-order perturbative truncation with respect to the
renormalized electron-phonon coupling. Furthermore, other meth-
ods have been developed, such as, quantum path integrals, MRT
and its coherent version CMRT, the generalized Bloch-Redfield the-
ory. These methods are also introduced in this paper. In summary,
in the past decade, various mechanisms have been put forward to
explain the long-lasting coherent energy transfer in photosynthe-
sis, e.g., strong coupling to a nearly-resonant vibrational mode,
low-temperature effect, and non-Markovian open quantum
dynamics. Although some interesting experiments seem to offer
some clues to this issue, which is under hot debate, there is still
lack of self-consistent theoretical analysis. In this regard, the com-
bination of different experimental techniques and the coherent
theories introduced in this paper, may provide a possible settle-
ment to this issue, and further shed light on the promising artificial
light-harvesting devices, which fully explore quantum coherence.
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