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Hyperentangled Bell-state measurement (HBSM) is an indispensable building block for implementing high-capacity quantum communication. Here
we present a universal HBSM scheme resorting to linear optics, which is efficient to divide 16 hyperentangled Bell states in polarization and
momentum degrees of freedom (DOFs) into 14 distinguishable groups assisted by time-bin DOF instead of auxiliary entanglement resource. This
HBSM scheme has universal applications in quantum information protocols, such as its applications in the implementation of hyperteleportation
and hyperentanglement swapping besides hyperdense coding. It enlarges the efficiency and applicability of linear-optical HBSM in quantum
information processing. © 2020 The Japan Society of Applied Physics

E
ntanglement is a unique phenomenon in quantum
mechanics, and it has been extensively applied in
many quantum communication protocols, such as

quantum key distribution,1,2) quantum secret sharing,3)

quantum dense coding,4,5) quantum teleportation,6) quantum
secure direct communication,7) and so on. Photon system has
a wide range of applications in quantum communication, and
it owns several degrees of freedom (DOFs), containing
polarization, momentum, time-bin,8) frequency, orbital an-
gular momentum, and so on. Photons can be entangled in
multiple DOFs simultaneously, which is referred to hyper-
entanglement, and it has been demonstrated experimentally in
many optical systems.9–13) Hyperentanglement is an essential
quantum correlation in high-capacity quantum communica-
tion. The application of hyperentanglement has been widely
studied.14–16) In particular, hyperentanglement can assist the
Bell-state analysis (BSA) which is an indispensable part to
read out encrypted information. In the conventional BSA
scheme, only two of four Bell states can be identified via
linear optics.17–22) After introducing hyperentanglement, i.e.
enlarging the Hilbert space, the four Bell states can be
identified unambiguously. For example, the four polarization
Bell states can be completely differentiated with the help of
time-bin or momentum DOF via linear optics, which was
firstly proposed by Kwiat and Weinfurter in 1998.23) Some
other improved proposals9,10,24,25) have also been reported in
the past decades.
The channel capacity of quantum communication can be

enlarged in a larger Hilbert space. In high-capacity quantum
communication, a two-photon system hyperentangled in two
DOFs is involved, and the unambiguous differentiation of the
16 orthogonal hyperentangled Bell states is also difficult via
linear optics alone.26) It has been proved that 16 orthogonal
hyperentangled Bell states can be classified into 7 groups via
linear optics.26) With the help of giant nonlinear optics in
cross-Kerr medium27) and artificial atom in resonator,28,29)

complete hyperentangled Bell-state analysis (HBSA)
schemes have been proposed, which can unambiguously
differentiate the 16 orthogonal hyperentangled Bell states
with high efficiency in theory. However, it remains a huge
challenge to achieve the giant nonlinear interactions of
photons in practice. For example, the efficiency of HBSA
is 52.2% for the strong coupling regime of quantum-dot spins
in micropillar cavities with current experimental

parameters,28) and the efficiency of HBSA is 51.48% for
the strong coupling regime of nitrogen-vacancy center in
microtoroidal resonator with current experimental
parameters.29) For cross-Kerr medium, the natural cross-
Kerr nonlinearities are weak, and the improved Kerr phase
shift is small (about 10−2), which could also reduce the
efficiency of HBSA.27,30,31) Instead, if auxiliary quantum
resources are introduced, linear-optical HBSA is easy to
realize with the current technology. Inspired by the idea of
complete BSA, Li and Ghose32) initially showed that an
auxiliary entangled state of additional momentum DOF can
be used to assist the analysis of the hyperentangled Bell states
for two-photon system in polarization and momentum DOFs
in 2017. This scheme can separate the 16 hyperentangled Bell
states into 12 groups via linear optics. After introducing
additional resources besides auxiliary entangled state, the
number of distinguishable hyperentangled Bell states can be
increased.33) However, in these two schemes, the application
of linear-optical HBSA is limited to hyperdense coding.
In this letter, we present a universal hyperentangled Bell-

state measurement (HBSM) scheme for two-photon system
hyperentangled in both polarization and momentum DOFs
via linear optics. This scheme can extend the applications of
linear-optical HBSM to hyperteleportation and hyperentan-
glement swapping besides hyperdense coding. In this
scheme, the four Bell states (f ñP AB∣ and y ñP AB∣ ) in the
polarization DOF and the four Bell states (f ñS AB∣ and
y ñS AB∣ ) in the momentum DOF can be written as
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where the subscripts P and S denote the polarization DOF
and momentum DOF of photons, respectively. The horizontal
polarization state is described by ñH∣ , and the vertical
polarization state is described by ñV∣ . The left momentum
state is described by ñl∣ , and the right momentum state is
described by ñr∣ . It is easy to see that there are 16
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hyperentangled Bell states (i.e. f fñ Ä ñ 
P AB S AB∣ ∣ ,

f yñ Ä ñ 
P AB S AB∣ ∣ , y fñ Ä ñ 

P AB S AB∣ ∣ , y yñ Ä ñ 
P AB S AB∣ ∣ ), which

have been generated in experiment by Yang et al.34) To
differentiate the 16 hyperentangled Bell states, this scheme
introduces two different time-bin modes t0 and t1 using the
unbalanced interferometer (UI) instead of additional en-
tangled states. Because of the introduction of two time-bin
modes, the detectors can be triggered with four types of time
intervals (0, t0, t1, and t1 ± t0). And 16 hyperentangled Bell
states can be classified into 14 groups according to the time
intervals of detector response together with the detection
signatures in Table I.
The setup of universal HBSM is shown in Fig. 1. It

consists of linear-optical elements, such as 50:50 beam
splitters (BSs), UIs, and polarization beam splitters (PBSs).
The UI with two time delays t0 and t1 plays a key role in this
universal HBSM scheme. The schematic diagram of UI is
shown in Fig. 2, which is constituted of PBS, BS, and half-
wave plates (HWPs). PBS is used to transmit the horizontal
polarization state ñH∣ and reflect the vertical polarization
state ñV∣ . HWP can perform the Hadamard operation
on the polarization mode: ñ  ñ + ñH H V1

2
∣ (∣ ∣ ) and

ñ  ñ - ñV H V1

2
∣ (∣ ∣ ).

Now let us demonstrate the principle of the universal
HBSM by taking the hyperentangled Bell-state f f ñ+ -

P S∣ as an
example. Here the hyperentangled Bell-state f f ñ+ -

P S∣ can be
written as

Y ñ = ñ + ñ Ä ñ - ñHH VV ll rr
1

2
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The two photons A and B in the hyperentangled Bell-state
f f ñ+ -

P S∣ are first sent into the input ports of BSs in Fig. 1. BSs
perform the Hadamard operations on the momentum DOF of
photons A and B in the following forms
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With the effect of BSs, the hyperentangled state of photonic
system becomes

Y ñ= ñ + ñ Ä - ñ ñ
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Subsequently, the wave packets of two photons are sent
into the UI shown in Fig. 2. The wave packets with
momentum mode ñl1∣ or ñl2∣ will come into UI from the input
port l and experience a time delay t0, while the wave packets
with momentum mode ñr1∣ or ñr2∣ will directly enter UI from
the port r without detention. Afterwards, the wave packets of
two photons are transmitted into PBS (shown in Fig. 2). After
passing through PBS, the wave packets of photons with
momentum mode ñl1∣ or ñl2∣ will get longer time delay t1.
Considering the time delays and the operation of PBS, the
hyperentangled state Y ñ2∣ evolves to
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Here I, D(t0), D(t1), and D(t0+ t1) are linear time delay
operators performed on the photons,35) which satisfy the
following relations:

= + =I D D t t D t D t0 , . 60 1 0 1( ) ( ) ( ) ( ) ( )

In the following, the wave packets of two photons are
superposed on BSs which convert the momentum modes of
photons as

ñ ñ + ñ ñ  ñ + ñ

ñ ñ - ñ ñ  ñ - ñ

l r l l r l

r l r r l r

1

2
,

1

2
,

1

2
,

1

2
. 7

1 2 1 2 1 2

1 2 1 2 1 2

∣ (∣ ˜ ∣˜ ) ∣ (∣ ˜ ∣˜ )

∣ (∣˜ ∣ ˜ ) ∣ (∣˜ ∣ ˜ ) ( )

Table I. The relationship between the detection signatures and the
hyperentangled Bell states in view of the detection time interval t of two
photons. G1, G2, G3, and G4 represent four groups.

State Detection signature t

1 f fÄ+ +
P S

+ - - + + - - +A B A B A B A B, , ,r l r l l r l r

2 f fÄ- +
P S

+ + - - + + - -A B A B A B A B, , ,r l r l l r l r 0

3 f fÄ- -
P S

+ - + - + - + -A A A A B B B B, , ,r r l l r r l l G1( )
4 f fÄ+ -

P S
+ + - - + + - -A A A A A A A A, , ,r r r r l l l l
+ + - - + + - -B B B B B B B B, , ,r r r r l l l l

5 y yÄ+ -
P S

+ + - - + + - -A A A A A A A A, , ,r r r r l l l l
+ + - - + + - -B B B B B B B B, , ,r r r r l l l l
+ - - + + - - +A B A B A B A B, , ,r l r l l r l r

6 y yÄ+ +
P S

+ - - + + - - +A A A A B B B B, , ,r l r l r l r l
+ + - - + + - -A B A B A B A B, , ,r r r r l l l l t0

7 y yÄ- +
P S

+ - + - + - + -A A A A B B B B, , ,r r l l r r l l G2( )
+ + - - + + - -A B A B A B A B, , ,r l r l l r l r

8 y yÄ- -
P S

+ + - - + + - -A A A A B B B B, , ,r l r l r l r l
+ - - + + - - +A B A B A B A B, , ,r r r r l l l l

9 y fÄ+ -
P S

+ + - - + + - -A A A A A A A A, , ,r r r r l l l l
+ + - - + + - -B B B B B B B B, , ,r r r r l l l l
+ + - - + + - -A B A B A B A B, , ,r l r l l r l r

10 y fÄ+ +
P S

+ - + - + - + -A A A A B B B B, , ,r r l l r r l l
+ - - + + - - +A B A B A B A B, , ,r l r l l r l r t1

11 y fÄ- +
P S

+ + - - + + - -A A A A B B B B, , ,r l r l r l r l G3( )
+ + - - + + - -A B A B A B A B, , ,r r r r l l l l

12 y fÄ- -
P S

+ - - + + - - +A A A A B B B B, , ,r l r l r l r l
+ - - + + - - +A B A B A B A B, , ,r r r r l l l l

13 + + - - + - + +A A A A A A A A, , ,r r r r r r l l

f yÄ+ -
P S

- - + - + + - -A A A A B B B B, , ,l l l l r r r r

f yÄ- -
P S

+ - + + - - + -B B B B B B B B, , ,r r l l l l l l
+ + - - + - - +A B A B A B A B, , ,r l r l r l r l
+ + - - + - - +A B A B A B A B, , ,l r l r l r l r t1 ± t0

14 + + - - + - - +A A A A A A A A, , ,r l r l r l r l G4( )
f yÄ+ +

P S
+ + - - + - - +B B B B B B B B, , ,r l r l r l r l

f yÄ- +
P S

+ + - - + - - +A B A B A B A B, , ,r r r r r r r r
+ + - - + - - +A B A B A B A B, , ,l l l l l l l l
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After two photons pass through BSs, HWPs perform the
polarization Hadamard operations on the wave packets of two
photons. During the operations of HWPs, the wave packets
with the identical modes in both the polarization DOF and
momentum DOF can interfere with each other under the
constructive-interfere condition, i.e. ωt0= 2nπ and
ωt1= 2mπ (n and m are integers, and ω is the frequency of
input photon).25) After the interaction of the wave packets,
the hyperentangled state Y ñ3∣ evolves as

å t t

t t

t t t t
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Here τ0= 0, τ1= t0, τ2= t1, and τ3= t0+ t1. If the time
resolution of detector is 4 ns, the time delays t0 and t1 in UI
could be set to 5 ns and 10 ns in experiment, respectively.25)

At the output ports of UI, the two photons are projected to
the polarization basis ñ ñH V,{∣ ∣ } by PBSs and detected by
photon detectors. The detection signatures of the hyperen-
tangled Bell-state f f ñ+ -

P S∣ are
+ + - - + + - -

+ + - - + + - -

A A A A A A A A

B B B B B B B B

, , , ,

, , , . 9
r r r r l l l l

r r r r l l l l

{
} ( )

Here the superscript “+” (“−”) indicates that photon is
transmitted (reflected) by PBS at the output port. Obviously,
“ + +A Ar r ” represents that two photons are routed to one output
port and trigger one detector +Ar at the same time. This

requires photon number resolving detector, which has been
resolved by Schuck et al.9)

So far, we have completed all the steps of universal HBSM
for the hyperentangled Bell-state f f ñ+ -

P S∣ . The other 15
hyperentangled Bell states can also be measured with the
same method. We list the detection signatures of the 16
hyperentangled Bell states in Table I, in which the 16
hyperentangled Bell states are classified into four groups
(G1, G2, G3, G4) according to four types of detection time
intervals (0, t0, t1, t1 ± t0). Each group contains four states. In
the groups G1, G2, and G3, the detection signatures of four
hyperentangled Bell states are different from each other. In
the fourth group G4, two hyperentangled Bell states f y ñ+ +

P S∣
and f y ñ- +

P S∣ (f y ñ+ -
P S∣ and f y ñ- -

P S∣ ) have the same detection
signatures. This is equivalent to dividing the 16 hyperen-
tangled Bell states into 14 groups. Therefore, our scheme is
efficient compared with the previous HBSA scheme which
forms 12 distinguishable groups resorting to auxiliary en-
tangled state and linear optics.32)

The universal linear-optical HBSM scheme is a useful tool
in quantum communication. Here we use this universal
HBSM scheme to teleport a two-DOF quantum state from
Alice to her distant communication party Bob, which is
shown in Fig. 3. At the beginning, Alice has one single
photon A, and Alice and Bob share one pair of hyperen-
tangled photons BC. Photon A is in a polarization-momentum
state FñA∣ which can be written as

a b g dFñ = ñ + ñ Ä ñ + ñH V r l . 10A A A∣ ( ∣ ∣ ) ( ∣ ∣ ) ( )

Here a b g d+ = + = 12 2 2 2∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ . Photon pair BC is in a
polarization-momentum hyperentangled Bell-state f f ñ+ +

P S BC∣ .
Alice sends photon A and photon B into the universal HBSM
setup in Fig. 1. After HBSM process, the detection signature

Fig. 1. (Color online) Schematic diagram for the universal hyperentangled Bell-state measurement (HBSM). Here UI represents the unbalanced
interferometer in Fig. 2. BS is 50:50 beam splitter. PBS is polarization beam splitter.

Fig. 2. (Color online) Schematic diagram for unbalanced interferometer
(UI). HWP represents half-wave plate. The optical circle on the path l
denotes time delay t0 or t1.

Fig. 3. (Color online) Schematic diagram for the hyperteleportation with
the help of universal HBSM in Fig. 1.
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of photons AB corresponds to one of 14 groups in Table I,
and photon C is collapsed into a two-DOF state. For example,
if the detection signature signifies that the state of photons AB
is y y ñ- -

P S AB∣ , we can infer photon C is collapsed into the
following state

y y f f

a b g d

Fñ = á Fñ ñ

= ñ - ñ Ä - ñ + ñ

- - + +

V H l r . 11

C AB P S A P S BC

C C

∣ ∣ ∣
( ∣ ∣ ) ( ∣ ∣ ) ( )

After bit-flip and phase-flip operations are performed on both
the polarization and momentum DOFs of photon C, the state
FñA∣ is transferred to photon C completely. In particular,
when the detection signature of photons AB corresponds to
the fourth group G4 in Table I, only the momentum state of
photon C is identified, while the polarization state of photon
C can not be identified. So the efficiency of this hypertele-
portation is 87.5%. In the same way, the universal HBSM
scheme can be used to realize hyperentanglement swapping,
hyperdense coding, and so on.
In summary, we have presented a universal linear-optical

HBSM scheme only assisted by time-bin DOF, which has
enlarged the efficiency and applicability of linear-optical
HBSM. This universal linear-optical HBSM scheme has three
outstanding advantages. Firstly, the scheme has universal
applications in quantum information processing, which is
suitable for implementing not only hyperdense coding but
also hyperentanglement swapping and hyperteleportation, as
time-bin DOF is easy to introduce and control in the HBSM
process. Secondly, this universal HBSM scheme is efficient
compared with the HBSA scheme using auxiliary entangle-
ment. With the help of time-bin DOF, the HBSM scheme
divides the 16 hyperentangled Bell states into 14 groups, while
the 16 hyperentangled Bell states can be divided into 12
groups using auxiliary entanglement.32) For example, when
applying the universal HBSM scheme into hyperdense coding,

»log 3.812
14 bits/photon information can be transmitted,

which is better than the proposal with auxiliary
entanglement32) ( »log 3.582

12 bits/photon). Thirdly, the
scheme relies on linear-optical elements, which reduces the
difficulty and the resource consumption in practice. Therefore,
our universal linear-optical HBSM scheme has potential
applications in high-capacity quantum communication.
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